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The following Syllabus was drawn up for 


the Uſe of Students who were to attend 

s the LeQures of the Author; and is not 
intended to ſuperſede the peruſal of a 
mote complete Syſtem of Algebra. 
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INTRODUCTION. 


UANTITY which can be meaſured, 
and is the object of Mathematics, is 
of two kinds, Number and Extenſion. The 
former is treated of in Arithmetic, the lat- 
ter in Geometry. | 21 
Numbers are ranged in a Scale, by the 
continued repetition of ſome one number, 
Fin W en hz Rood; and; fo" ovate: 
quence of this order, they are conveni- 
ently expreſſed in words, and "denoted by 
characters. The operations of arithmetic 
are eaſily derived from the eſtabliſhed me- 
thod of notation, and the moſt ſimple rea- 
fonings concerning the relations of magni- 


tude. 
A Inveſe 
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Inveſtigations by the common arithmetic 


are greatly limited, from the want of cha- 


racters to expreſs the quantities that are un- 
known, and their different relations to one 
another, and to ſuch as are known. Hence 
letters, and other convenient ſymbols, have 
been introduced to ſupply this defect; and 
thus gradually has ariſen the ſcience of 
Algebra, properly called UNIVERSAL A- 
RITHMETIC. 

In the common arithmetic, too, the given 
numbers diſappear in the courſe of the ope- 
ration, ſo that general rules can ſeldom be 
derived from it; but, in algebra, the known 


quantities, as well as the unknown, may be 


expreſſed by letters, which, through the 
whole operation, retain their original form ; 
and hence may be deduced, not only gene- 
ral canons for like caſes, but the dependence 

of 


181 

of the ſeveral quantities concerned, and like- 
wiſe the determination of a problem, with« 
out exhibiting which, it is not completely 
reſolved. This general manner of expreſ- 
ſing quantities alſo, and the general rea- 
ſonings concerning their connections, which 
may be founded on it, have rendered this 
ſcience not leſs uſeful in the demonſtration 
of theorems, than in the reſolution of pro- 

blems. e 
If geometrical quantities be ſuppoſed ta 
be divided into equal parts, their relations, 
in reſpect of magnitude, or their propor- 
tions, may be expreſſed by numbers; one 
of theſe equal parts being denoted by the 
unit. Arithmetic, however, is uſed in ex- 
preſſing only the concluſions of geometri- 
cal propoſitions ; and it is by algebra that 
the 


1 
the bounds and application of geometry 
have been of late ſo far extended. 

The proper objects of mathematical ſci- 
ence are NUMBER and EXTENSION ; but 
mathematical inquiries may be inſtituted al- 
ſo concerning any phyſical quantities, that 

. are capable of being meaſured or expreſſed 
by numbers and extended magnitudes : 
And, as the application of algebra may be 
equally univerſal, it has been called The 
ſcience of quantity in general. 
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P ANT 


DEFINITIONS. 


J. UANTITIES which are known, 
Q are generally repreſented by the 
firſt letters of the alphabet, as a, b, c, &c. 
and ſuch as are unknown, by the laſt 
letters, as x, y, 2, &c. 

II. The ſign + (plus) denotes, that the 
quantity before which it is placed is to- 
be added. Thus ar denotes the ſum 
of a and 6; 3+5 denotes the ſum of 3 
and 5, or 8, When no ſign is expreſled, 

+ is underſtood, 8 
III. 
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III. The ſign — (ainus) denotes, that the 
quantity, before which it is placed, is to 
be ſubtracted. Thus, a—b denotes the 

, exceſs of a above 6; 6—2 is the exceſs 
of 6 above 2, or 4. | 

Note, Theſe characters, + and —, from 

their extenſive uſe in algebra, are called 

the ſigns ; and the one is faid to be Po- 
fite or contrary to the other. 

IV. Quantities which have the ſign + pre- 
fixed to them, are called pofitive or af- 
firmative ; and ſuch as have the ſign — 
prefixed to them are called negative. 

V. Quantities which have the ſame ſign, 
either + or , are alſo ſaid to have /zke 

ant, and thoſe which have different ſigns, 
are ſaid to have unlike figns. Thus +a, 
+6, have like figns, and +a, —c, are 
faid to have unlike ſigns. | 

VI. The juxtapoſition of letters as in the 
ſame word, expreſſes the protiut of the 
quantities denoted by theſe letters, Thus; 
ab expreſſes the product of à and ; bcd 

expreſſes the 6 * of 6, c, 

* . and 


TRAN 
and d. The ſign x; alſo expreſſes the 


produd of any two quantities between 
| which it is placed. 
VII. A number prefixed to a letter is called 
a numeral coefficient, and exprefles the 
| product of the quantity by that number, 
or how often the quantity denoted by 
the letter is to be taken. When no num- 
ber is preſixed, unit is underſtood. 
VIII. The guotient of two quantities is de- 
noted, by placing the dividend above a 


ſmall line; and the diviſor below it. Thus, 
18 


Tis the quotient of 18 divided by 3, or 6 , 


| =is the quotient of a divided by 5. This 
_ expreſſion of a quotient 1s alſo called a 
Fraction. 3 

IX. A quantity. is ſaid to be fmple which 
conſiſts of one part or term, as +a, 
Lab; and a quantity is ſaid to be com- 
pound, when it conſiſts of more than one 
term, connected by the ſigns + or —. 

Thus, a+6b, a—b+c, are compound 

| quantities. If there are two terms, it is 


called 


(8) 
ealled a binomial ; if three, a frinomial, 
&c. 

X. Simple quantities, or the terms of com- 
pound quantities, are ſaid to be like, 
which conſiſt of the ſame letter or let- 

ters, equally repeated. Thus, +ab, — 
Fab, are like quantities; but +ab, and 
Taab, are unlike. 

XI. The quality of two quantities is ex- 
preſſed, by placing the ſign = between 
them. Thus, x+a=b—c, means that 
the ſum of » and à is equal to the ex- 
ceſs of b above c. 


When quantities are conſidered abſtract- 

Iy, the + and — denote addition and ſub- 
traction only, according to Def. II. III.; 
and the terms poſitive and negative expreſs 
the ſame ideas. In · that caſe, a negative 
quantity by itſelf is unintelligible. The 
ſign + alſo is unneceſſary before ſimple 
quantities, or before the leading term of a 
compound quantity which is not negative; 

+ though, when ſuch a quantity or term is to 


be added to another, + muſt be placed be- 
| fore 
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fore it, to expreſs that addition; and hence 
in Def. II. it is ſaid, that + is underſtood, 
when no ſign is expreſſed. | 

In geometry, however, and in certain 
applications of geometry and algebra, there 
may be an oppoſition or contrariety in the 
quantities, analogous to that of addition 
and ſubtraction; and the ſigns + and — 
may very conveniently be uſed to expreſs 
that contrariety. In ſuch caſes, negative 
quantities are underſtood to exiſt by them- 
ſelves ; and the ſame rules take place in ope- 
rations into which they enter, as are uſed 
with regard to the negative terms of abſtract 
quantities. | 

When, therefore, in the following ele- 
mentary rules, negative quantities are intro- 
duced as examples, they are to be under- 
ſtood, either as ſubtracted from poſitive 
quantities not expreſſed ; or, as having ſuch 
an oppoſition as has now been mentioned, 
to other quantities marked with the ſign 


Plus, | | 
1 By 


07 Axiome. 


A LGEBRAICAL reaſonings are foun- 

ded on a ſet of firſt principles, not 
leſs evident than the axioms of Geometry. 
They are, indeed, ſo ſimple, that it is unne- 
ceſſary, in this place, either to enumerate, 
or to illuſtrate them. Beſides a general 
axiom is not more evident than any parti- 


eular propoſition comprehended in it. 


CHAP, 
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CHAP. I. 


Fundamental Operations. 


THE fundamental operations in Alge- 
| bra are the ſame as in common Arich- 
metic, ADDITION, SUBTRACTION, Mor- 
TIPLICATION, and D1v1s1oN ; and from 
the various combinations of theſe four, all 
the others are derived. 


PROB. I. To add Quantities. - 


Simple quantities, or the terms of com- 

pound quantities, to be added together, 

may be, /ike with like figns, like with un- 

| like ſigns, or they may be unlile. 

CASE I. To add Terms that are like, and 
have like ſigns. 


Rule. Add together the coefficients, to their 
ſum prefix the common ſign, and ſubjoin + 
the common letter or letters. 


EXAM- 


{ 12 ) 


EXAMPLES, 


To Fab - 3aa—ab 
Add gab aa aa 
8 A 4a. gab 
Sum gab — — 
e kr 
Cas E II. To add Terms that are like, 
but have unlike ſigns. 


Rule. Subtract the leſs coefficient from the 
greater; prefix the ſign of the greater to 
the remainder, and ſubjoin the common 
letter or letters. | 


EXAMPLES. 


—4a +7bc sa 
— ＋ be +3ab 
+34 en 

*+5bc © 


Casz III. To add Terms that are unlike. 


Rule. Set them all doten, one after another; 
with their figns and coefficients prefixed. 


EXAMPLE. 


Compound | 


13.0 


Compound quantities are added 8 
by uniting the ſeveral Terms of which 
they conſiſt, by the preceding rules. 

EXAMPLE. 


gab—3xy—12cd 
The ſum of 4 7xy— ab +15 
ged—qxy—mn 


is 4ab—3cd+15—mn 


The rule for Caſe III. may be confidered 
as the general rule for adding all Algebrai- 
cal Quantities whatſoever, and, by the rules 
in the two preceding caſes, the like Terms 
in the quantities to be added may be uni- 
ted, ſo as to render the expreſſion of the 
ſum more ſimple. 


PR OB. II. To ſubtra# Quantities. 


General Rule. Change the figns of the 
quantity to be ſubtracted into the contrary 
int, and then add it, fo changed, to the 
quantity from which it war to be ſubtrac- 
ted; (by Prob. I.) the ſum arifing by * 


addition, is the remainder. 


EX A M- 


EN 
EXAMPLES: 
From . +50 Tab—166c 


Subtract + 3a 3ab. I mb 
| Rem. ＋ 2a 446— 1 — 
| From 5$a—7b+9c+8 


Subtract 2a—4b+9c—d 


— 
* 
— — — — — — — — = 
q a. p . OC = - * — 7 — — — = 
E —— woes — rr, r ¼— -- * — — — — — 
* — - _ 
— - —— ous ho — 
I = — — 
— — — * - . — 
— — — 
— 24 ac. — 
—— ——— 7 


Rem. 34a—3b*+8+4d 


When a poſitive quantity is to be ſub- 
tracted, the rule is obvious from Def. 3. : 
In order to ſhew it, when the negative part 
of a quantity is to be ſubtraQted, let 'c—4 
be ſubtracted from a, the remainder, accor- 
ding to the rule, is a—c+d. For, if c is 
ſubtracted from a, the remainder is a—c, 
(by Def. 3.) ; but this is too ſmall, becauſe 

- is ſubtracted inſtead of c-=-d, which is 
leſs than it by 4; the remainder, therefore, 
is too ſmall by d.; and d being added, it is 
a- rd, according to the rule. 

Otherwiſe, If the quantity d be added to 

| theſe two quantities a, and c—4, the differ- 

ence will continue the ſame; that is, the ex- 
| ceſs of à above -, is equal to the excels 
of a+d above -A; that is, to the 
exceſs of a above c, which plainly is 
a 


( & 7 


a4+d—c, and is therefore the remainder 


required. 


PROB. III. To multiply Quantities, 


General Rule for the Signs. When the 
figns of the two terms to be mulliplied are 
like, the fign of the product is +; but, 
when the figns are Pe the ſign of the 
produt i 14 —. 


Cass I. To multiply ty two Terms. 


Rule. Find the fign of the product by. the 
general rule ; after it place the product 
of the numeral coefficients, and then ſet 
down all the letters one after a as 
in one word, | 


Mult. +a +56 -N 
By +6 —JC —7ab 
+ab —15bc +3 5aabx 


The reaſon of this rule is derived from 
Def. 6. and from the nature of multiplica- 
tion, which is a repeated addition of one of 
the quantities to be multiplied as often as 
there are units in the other. Hence alſo 

the 


("6 ) 
the letters in two terms multiplied together 
may be placed in any order, and therefore 
the order of the alphabet is generally pre- 
ferred. 
Casz II. To multiply compound quan- 
tities. ; e 
Rule. Multiply every term of the multipli- 

cand by all the terms of the multiplier, 
one after another, according to the preced- 


ing rule, and then collect all the produtts 
into one ſum; that ſum is the product re- 


Ls r % WIGS, POR 
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quired. ; 
EXAMPLES. 
Mult. 232736 m a 
By Jax—4by M—x | 
6aax+gabx mm + mx ; 
| —Baby-—12bby —mx—xx ; 
Prod, Gaax+gabx—Baby—1 2bby mm —— ; 
By — 4 x 
F008” 
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| t 
Of the General Rule for the Signs. 


The reaſon of that rule will appear, by 
proving it, as applied to the laſt mentioned 
example of a—b, multiplied by ca, in 
which every caſe. of it occurs. 

Since multiplication is a repeated addi- 
tion of the multiplicand, as often as there 
are units in the multiplier ; hence, if a—b 
is to be multiplied by c, a—b muſt be add- 
ed to itſelf, as often as there are units in 
c, and the product therefore muſt be ca- c, 
n 

But this product is too great; for =} is 
to be multiplied, not by c, but by c- on- 
ly, which is the exceſs of c above 4; 4 
times a—b, therefore, or da -ab, has been 


taken too much; hence, this quantity muſt 


be ſubtracted from the former part of the 
product, and the remainder, which (by 
Prob. II.) is ca—cb—da+2&b, will be the 
true product required. 


Def. XII. When feveral Quantities are 


multiplied together, any of them is called 


a factor of the product. 
C XIII. 


CES þ 
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XIII. The products ariſing from the 
continual multiplication of the ſame quan- 
tity, are called the Powers of that quanti- 

ftp, which is the Root. Thus, aa, aaa, aaaa, 
Kc. are powers of the root a. 

XIV. Theſe powers are expreſſed, by 
placing above the root, to the right hand, 
a figure, denoting how often the root is 


repeated. This figure is called an index or 
exponent, and from it the power is denomi- 


cc ot 3 og 


nated. Thus, : 

4a = 1ſt 7 Power of the Root ] at or a : 

aa —= oO 2d a, and is other- a* ; 

aaa (58 ) 3d ( wiſe expreſſed (C 43 
da 2 (4th by , &. 


The ad and 3d powers are generally 
called the Square and Cube; and the 4th, 
5th, and 6th, are alſo ſometimes reſpec- 
tively called the Biguadrate, Surſolid, and 
Cubocube. 

Cor. Powers of the ſame root are mul- 
tiplied by adding their exponents. Thus, 
a*X a* =4a*, or aaa x aa=aaaaa, b* XB“. 
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SCHOLIUM. 

Sometimes it is convenient to expreſs the 
multiplication of quantities, by ſetting them 
down with the ſign x between them, 
without performing the operation accor- 
ding to the preceding rules; thus, a 5 is 
written inſtead of 425; and a- -=, 
expreſſes the product of a—6b, multiplied 
by c—d. 

Def. XV. A Vinculum is a line drawn 
over any number of terms of a compound 


c >. 


quantity, to denote thoſe which are under- 
ſtood to be affected by the particular ſign 
connected with it. 

Thus, in the laſt example, it ſhews, that 
the terms +a and —6, and alſo c and — 4, 
are all affected by the ſign x. Without 
the vinculum, the expreſſion a- Xx c—d,- 
would mean the exceſs of @ above bc and 


j 
#4 
"oy 
. . 
3 
3 
x 
G 
"5 
4 
= 
- 
9 
"4 
P 
- 
* 
J 
75 
2 
4. 
1 
1 
2 
; 
= 


d; and a—by c—d, would mean the exceſs 
of the product of a—b by c, above d. Thus 
alſo, a+b)*, expreſſes the ſecond power of 
a, or the product of that quantity mul- | 
tiplied by itſelf ; whereas a+4* would ex- 

| preſs 


C ROY = © © COR 


6. 


preſs only the ſum of à and ; and fo of 
others. By ſome writers a parentheſis () 
is uſed as a vinculum, and (a+6)* is the 
ſame. thing as a Tb). 


PRO B. IV. To divide EIN 


General Rule for the Signs. {f the: figns of 

diviſor and dividend are like, the fign of 

the quotient 1s + ; if they are unlike, the 
fign of the quotient is —. 


This rule is eaſily deduced from that gi- 
ven in Prob. 3.; for, from the nature of 
diviſion, the quotient muſt be ſuch a quan- 
tity as, multiplied by the diviſor, ſhall pro- 
duce the dividend, with its proper ſign. 

From Def. 8. the Quotient of any two 
Quantities may be expreſſed, by placing 
the dividend above a line, and the diviſor 
below it. But a quotient may often be ex- 
preſſed in a more ſimple and convenient 
form, as will appear from the following 
diſtinction of the Caſes. 

Cask I, When the diviſor is ſimple, and 
is a factor of all the terms of the Dividend. 
This is cally, diſcovered by inſpection; for 

then 


1 


then the eoefficient of the diviſor meaſures 
that of all the Terms of the Dividend, and 


all the letters of the diviſor are found in 
every Term of the Dividend. 


Rule. The letter or letters in the diviſor 
are to be expunged out of each term in the 
dividend, and the coefficients of each term 
to be divided by the coefficient of the di- 
viſor; the quantity reſulting is the quo- 
tient. 


Ex. qa) ab(b. 200)) Ga*bc—4a dm (3ac—2dm. 


The reaſon of this is evident from the 
nature of diviſion, and from def. 6. 


Note. It is obvious, from corollary to 
prob. 3. that powers of the ſame root are 
divided by ſubtracting their exponents. 


Thus, a*)a*(@: as P’. als ab. 


CAsz II. When the diviſor is ſimple, 
but not a factor of the dividend. | 


| Rule. The quotient is expreſſed by a_frac- 
tion, according to def. 8. viz. by placing 


( 22 ) 
| the dividend above. a line, and the avi ifor 


below it. 


Thus, the quotient of 3ab* divided by 


2 
ac 18 the fraftion geg 


Such expreſſions of quotients may often 
be reduced to a more {imple form, as ſhall 
be explained in the ſecond part of this 
chapter. 


| Casx III. When the diviſor is com- 
_ 2 


R UL.E. 


1. The terms of the dividend are to be ran- 
ged according to the powers of ſome one © 
of its letters ; and thoſe of the diviſor. 
according to the powers of the ſame letter, 


Thus, if a*+2aþ +6* is the dividend, 
and a+6 the diviſor, they are ranged ac- 
cording to the powers of 4. | 


2. The firſt term of the dividend is to be di- 
- vided by the firſt term of the diviſor, (ob- 
ſerving 


( 23 ) 
ſerving the general rule for the figns ; ) 
and this quotient being ſet down as a part 
of the quotient wanted, is to be multi- 
plied by the whole diviſor, and the pro- 
dud ſubtracted from the dividend. If no- 
thing remain, the diviſion is fimſhed: the 
remainder, when there is any, is a new 
dividend. | 
Thus, in the preceding example, a* di- 
= vided by a, gives a, which is the firſt part 
of the quotient wanted: and the product 
of this part by the whole diviſor a+6, viz. 
a ab being ſubtracted from the given 
dividend, there remains in this DIE 
ab+0*. 
3. Divide the firſt term of this new divi- 
dend by the firſt term of the diviſor as be- 
fore, and join the quotient to the part al- 
ready found, with its proper fign : then 
multiply the whole diviſor by this part of 
the quotient, and ſubtract the product from 
the new dividend: and thus the opera- 
tion is to be continued, till no remainder is 
left, or till it appear that there will al- 
Wa ys be a remainder, 


Thus, 


+ / 


(4) 


Thus, in the preceding example, ab, 
che firſt term of the new dividend divided 
by a, gives 6; the product of which, mul- 
tiplied by 2 f, being ſubtraded from 
ab Pl, nothing remains, and e eee is the 


true quorient, 


4 
M1.'1 


The entire operation is as follows. 


a bh T2 T5 
8 © * ＋ ab 


ab+b* 
abr 


— 1. 


* * 
* . —122˙—55＋ 100 — 5 (0.—4a 2b 


+130" —a*h 

12% <þloab. {hed 

—124* + 4ab | £ 
+ 6ab—2b? 


+ Gab—2h? 


$M 
&> 4 8 


+a*%—ga3 


It 
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It often happens, as in the laſt example, 
that there is till a remainder from which 
the operation may be continued without 
end. This expreſſion of a quotient is call- 
ed an infinite ſeries ; the nature of which 
ſhall be conſidered afterwards. By compa- 
ring a few of the firſt terms, the lad of the 
ſeries may be diſcovered, by which, with- 
out any more diviſion, it may be continued 
to any number of terms wanted. 


F the General Rule. 


The reaſon of the different parts of this 
rule is evident; for, in the courſe of the o- 
peration, all the terms of the. quotient ob- 
W tained by it are multiplied by all the terms 
W of the diviſor, and the products are fucceſ- 
S fively ſubtracted from the dividend, till no- 
ching remain: that, therefore, from the na- 
ure of diviſion, mult be the true quotient, 
| Note. The ſign + is ſometimes uſed to 
WW expreſs the quotient of two quantities, be- 
© tween which it is placed: Thus, 

a*+x*+a+x, expreſſes the quotient of 
a*b+ x* divided by a+, ; 

D CHAP, 
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I. 


PART II. 


OF FRACTIONS, 


ed by 


.. 


4 fraction. the diviſion 


EN a quotient 


« + 
W "5 


DEFINITIONS. 


_ diviſor below it is called the denomina« 


$ 


M 


is 
„it is called an impr 


» Vl 
7 „* 


' a 


ag 


tore". 


II. If the numerator is leſs than the deno- 
minator, it is called a proper fraction. 


8 


II. If che numerator 
b * 
74 Mute. ) 


= 
=> 
* 

2 


1 


IV. If one part of a quantity is an integer, 
and the other a fraction, it is called a 
mit quantity. | 


v. The reciprocal of a fraction, is a frac 
tion whoſe numerator is the denominator 
ot the other; and whoſe denominator is 
the numerator of the other. The 'reci- 
procal of an integer is the quotient of 1 


divided by that integer. 1 2 i the 


reclprocal of — T3 and — + is the recipro- 


cal of m. 


The diſtinctions in Def. II. III. IV. pro- 
perly belong to common arithmetic, from 


which they are borrowed, and are r 
uſed in Algebra. 


Ĩ be operations concerning fraQtions are 
founded on the following propoſition: 


If the diviſor and dividend be either both 
multiplied, or both divided, by ibe fame 
quantity, the quotient is the ſame ; or, if both 
the numerater and denomin. tor of the firac- 
tron be either multiplied or divided by the 


fame 


628) 


fame quantity, the . Y that Ones & 
the ſame. 


a a- 
Thus, let 5 c, then 22 For, from 


* . 4 
# * 
»# . * | F + s ” 0 


; wy ; f q 
the nature of diviſion, if the quotient b 


(Sc) be multiplied by the divitor 5, the 
Product muſt be the dividend a, Heuce 


6 * & =} 'c=a, and likewiſe ma n mbc, 


aan Lividing > by * n . 


* Aa 
— 9 — a — —a—ä— 
„ — - . 5 


ly, if =, then alſo 5 c. 


— — — 


it 
| 1 Cor. 1. Hence a fraction may be reduced 
SGT! 
101 to another of the ſame value, but of a more 
| ſimple form, by dividing both numerator 
M1 0 e 
* and denominator by any common nieaſure. 
Wi: 1 8 
| Q Thus, 3295-5409 _$X—IW- 
| \\ I 2ab 26 
gab TLC ab+ Zc. 
* 


Cor. 2. A fraction is multiplied by any 
integer, by multiplying the numerator, or 
dividing the denominator by that integer: 
and converſely, a fradion is divided by any 


integer, 


TT % COOOTOIEEEY © 
— — — - — _— —_ _ — — * 2 
— 2 
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integer, by dividing the numerator, or mul, 
tiplyiug the denominator by that integer. 


Prob. I. To find the greateſt common 
meaſure of two quantities. 


1. Of pure numbers. 


Rule. Divide the gridter by the leſs : ond, 
, there 10 na remainder, the lefs ts the 
greoteft common meaſure required. 

- there 15 a remuinder, arvide the la divi- 
Ir by ut; and thus proceed continually 
alviding the laſi arviſor by i remainder, 
till no remainder is left, and the laſt divi- 

fer is the great fi common meaſure require 
The greateſt common meaſure. of 45 and 

63 is 9; the greateſt common meaſure of 

187 and 3-1 is 17. Thus, 


45)63(1 20039702 
45 99 374 
18048 (2 1 ei igen 
1 W 
5 F in 171 4 43 '1 WS OT NILES BE 
354 i 16 ONMS;-> e „ ündat 
18 | ER. 
0 C 3 | ? | 


2 
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From the nature of this operation, it is 
plain, that it may alu ays be continued, till 
there be no remainder. The rule depends 
on the two following principles. 

1. A quantity which meaſures both di- 
viſor and remainder, muſt meaſure the di- 
vidend. 

2. A quantity which meaſures both di- 
viſor and dividend, muſt alſo meaſure the 
remainder. | 

For a quantity which meaſures two o- 
ther quantities, muſt alſo meaſure both their 
ſum and difference; and, from the nature 
of diviſion, the dividend conſiſts of the di- 
viſor repeated a certain number of times, 
together with the remainder. By the firſt 
it appears, that the number found by this 
rule is a common meaſure; and, by the ſe» 
cond, it is plain there can be no greater 
common meaſure; for, it there were, it 
mult neceſſarily meaſure the quantity alrea- 
dy foumd leſa than itſelf, which is abſurd. 

Won che greateſt common mcaſure of 
algebraical quantities is required, if either 
of them be ple, any common ſimple di- 
viſor 
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viſor is eaſily found by inſpeQion. If they 
are both compound, any common ſimple 
diviſor may alſo be found by inſpection. 
But, when the greateſl compound diviſor is 
wanted, the preceding rule is to be applied; 
only, 

2. The ſimple diviſors of each of the quan- 
lities are to be talen out,” the remainders in 
the ſeveral operation? are alſo to be divided 
by their ſimple diviſors, and the quantities 
are always to be ranged according to 1 
| powers of the ſame letrer. 

The ſimple diviſors in the given quanti- 
ties, or in the remainders, do not affect a 
compound diviſor which is wanted; and 
hence alſo, to make the diviſion ſucceed, a- 
ny of the dividends may be multiplied. by a 
ſimple quantity. _ Beſides the flwople divi- 
ſors in the remainders not being found in 
the diviſors from which they ariſe, can 
make no part of the common meaſure 
ſought ; -and for the ſame reaſon, if in ſuch 
a remainder, there be any compound divi- 
ſor which does not meaſure the diviſor-from 
which it proceeds, it may be taken out. 

 EXAM- 


(327) * 
EXAMPLES. 


0% —b* Ja*—2ab+b* (1 
4 —3 
N Remainder, which, 
divided by — 25 is a—b) a*—b (a+b 
3 


* * 


If the quantities given are, 8a%*—r1oab? 
+ 26+, and g9a%—ga"b*+ 34% —3ab*. The 
fimple diviſors being taken out, viz. 207 out 
of the firſt, it becomes 4a. -a H,, and 
Zab out of the ſecond, it is 3a —34*b+ ab? 
—6'. As the latter is to be divided by the 
former, it muſt be multiphed by 4, to make 
the operation ſucceed, and then it is as fol- 
lows : 
* 


* 124.—1 24 b+ 446 —465 (39 
12a3—15a*b + 31b* 


| 3a*b+ ab*— 463 


This remainder is to be divided by 5, and 
the new dividend multiplied by 3, to make 
the diviſion proceed. Thus, 


3 


633 


34 ＋a—4655) 120%—1 $0436 (4 
123 + 4gab—166* 


—19ab+ 196* 


and this remainder, divided by —198, gives 
a—b, which being made a diviſor, divides 
za*+ab—45*, without a remainder, and 
therefore a—b is the greateſt compound di- 
viſor: but there is a fimple diviſor 6, and 
1 therefore a—b x b is the greateſt common, 
meaſure required. 


Prob. II. To reduce a fraction to its low 
eſt terms. 


Rule. Divide both numerator and denomi= 
= mator by their greateſt common meaſure, 


which may be found by prob. 1. 


Zale 34 


* — PF 2, 2755 being the A na common 


44— A; 46 
meaſure. a3—=a3&* == % * Also, e. 
gat%b—-ga*Þ + 3a*b3— 34 . BY | 
84a%*—10ab? + 26+ . the * greateſt 


common meaſure being a—b x6, by prob. 1. 


Prob. II. To reduce an x integer to the 6 
form of a fraction. 


£ E Rule. 


N 
u 
7 
| 
x 
23 
\ 
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Rule. Multiply the given integer by any 
quantity for a numerator, and ſet that 
quantity under the product, for a denomi- 
naton. 


| a*—þ? 
| Thus, a= a+b= =T 


Cor. Hence, in the following operations 
concerning fractions, an integer may be in- 
troduced ; for, by this problem, it may be 
reduced to the form of a fraction. The 
denominator of an integer is generally 
made 1. | | 


Prob. IV. To reduce fractions with dif- 
ferent denominators to fractions of equal 
value, that ſhall have the ſame denomina- 
tor. 


Rule. Multiply each numerator, ſeparately 
taken, into all the denominators but its 
own, and the produtts ſhall give the new 
numerators, Then multiply all the deno- 
minators into one another, and the produtt 
mall give the common denominator. 


*+- 
* , 
* 


! 


(99 

Example. Let the fractions be * 7 7 they are 
ad, Be, lde 

if of f 

The reaſon of the operation appears from 
the preceding propoſition; for the nume- 
rator and denominator of each fraction are 
multiplied by the ſame quantities; and the 
value of the fractions therefore is the ſame. 
Prob. V. To add and ſubtract fractions. 


Rule. Reduce them to a common denomina- 
tor, then add or ſubtract the numerators ; 
and the ſum or difference ſet over the com- 
mon denominater, is the ſum or remainder 
required. 


reſpectively equal to 


writs. adfycchf+bde, 
+ - I hi ford is HF. 


From 1 ſubtract 7 the difference is 2 

From the nature of diviſion it is evident, 

that, when ſeveral quantities are to be di- 

vided by the ſame diviſor, the ſum of the 

quotients is the ſame with the quotient of : 
the-ſum of the quantities divided by that 

common diviſor, 


Ex. Aud together 


In 
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In like manner, the difference of two 
fractions having the ſame denominator, is 
equal to the difference of the numerators 
divided by that common denominator. 

Cor. 1. By Cor. Prob. 3. integers may 
be reduced to the form of fractions, and 
hence integers and fractions may be added 
and ſubtracted by this rule. Hence alſo 
what is called a mixt quantity may be re- 
duced into the form of a fraction by bring- 
ing the integral part into the form of a 
fraction, with the ſame denominator as the 
fractional part, and adding or ſubtracting 
the numerators according as the two parts 
are connected by the ſigns + or —, 


Thus, 5 + — = 2 and à — 


ab I 


2a%*—a? +65 a? +67 
2a ye 


Cor. 2. A fraction, whoſe numerator is a 
compound quantity, may be diftinguithed 
into parts, by dividing the numerator into 
ſeveral parts, and ſetting each over the ori- 
ginal denominator, and uniting the new 
fractions, 


of 


( 37 ) <4 
fractions, (reduced if neceſſary) by the * 


of their numerators. 


Prob. VI. To multiply fraQions. 


= Rule. Multiply their numerators into one a- 


nother, to obtain the numerator of the pro- 
duct; and the denominators, multiplied in- 
to one another, ſhall give the denominator 
of the produtt. 


ac a+b a—b _a*—b 
155 38. ED Ia cd 


For, if 7 is to be multiplied by c, the product is 


7; but if it is to be multiplied * 5 the former 


product muſt be divided by d, and it becomes 3 145 


1 | (cor. 2. to the preceding problem). 


Or let = m, and — = n. Then a=bm, and 


e=dn, and ac=bdmn, and (mn=) = * = 545 


Prob. VII. To divide fractions. 
Rule. Multiply the numerator of the divi- 


dend by the denominator of the, diviſor ; 
their 


(#) 
' their product ſhall give the numerator of 
the guotient. Then multiply the denomi- 
nator of the dividend by the numerator of 
the diviſor, and their product ſhall give 
the denominator. 
Or, Multiply the dividend by the reciprocal 
F the diviſor, the product will be the 
quotient wanted. 


Thus, 7) 7 28 = 


Por if is to be died by the quotient is 
| £3 but © isto be divided, not by a, but by 3 there- 
fore the former quotient muſt be multiplied by 45 and 
2 ». bc 

0 


Or, 5 = mand s then Ein, and d 


lo ad=bdm, and bc=bdn; therefore -E. 


An m ad 


SCHOLIUM. 


By theſe problems, the four fundamen- 
tal operations may be performed, when any 
8 terms 


n . 


| 4 * 
E 


terms of the original quantities, or of thoſe 
which ariſe in the courſe of the operation, 
are fractional. 


Example, Mult. 2 | 


2x 
| ab 
B — 
DY I= 4x 
33 a* Gax* : 
Gn” 2 85 * 9 4 
| 2 3 
ar) a*+x* a- — &c. 
a” +ax . 
—ax+x* 
—x-x? 
2 
25 42 
4 
BE 4 
a 
* 2 
6 
+2 &c 
a 


This quotient becomes a ſeries, of which 
the law of continuation is obvious, without 
any farther operation, 

Wa Ia 


a: \ 


In ſuch caſes, when we arrive at a re- 
mainder of one term, it is commonly ſet 


c '; 


down with the diviſor below it, after the 


other terms of the quotient, which then 


becomes a mixt quantity. 


Thus, the laſt quotient is alſo expreſſed 


% [ff 
I 
-y 


K r ]⁰ ˙: 


CHAP, 
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Of Proportion. 


W TD Y the preceding operations, quantities 
3 of the ſame kind may be compared 
together. | | 
The relation ariſing from this compari- 
ſon is called Ratio or Proportion, and is of 
two kinds. If we conſider the difference 
of the two quantities, it is called Arithme- 
tical Proportion ; and, if we conſider their 
quotient, it is called Geometrical Proportion. 
This laſt being moſt generally uſeful, is 
commonly called ſimply Proportion. 


1. Of Arithmetical Proportion. 


Definition. When, of four quantities, the 
difference of the firſt and ſecond is equal to 
the difference of the third and fourth, the 


quantities are called arithmetical proportio- 


nals, 

Cor. Three quantities may be atithmeti- 
cally proportional, by ſuppoſing the two 
middle terms of the four to be equal. 


* Prop. 
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Prop. In four quantities arithmetically 
proportional, the ſum of the extremes is e- 
qual to the ſum of the means. 


Let the four be a, 5, c, d. Therefore 
from Def. a—b=c—4; to theſe add b+d 
and aA ==. 


Cor. 1. Of four arithmetical proportio- 
nals, any three being given, the fourth may 
be found. 


Thus, let a, 6, c, be the 1ſt, 2d, and 4th 
terms, and let x be the 3d which is ſought. 

Then, by definition, a+c=b+x, and 
x . - | 

Cor. 2. If three quantities be arithmeti- 
cal proportionals, the ſum of the extremes 
is double of the middle term ; and hence, 
of three ſuch proportionals, any two being 
given, the third may be found. 

2. Of Geometrical Proportion. 


Definition. If, of four quantities, the 
quotient of the firſt and ſecond is equal to 


4 
\ 


the quotient of the third and fourth, theſe 


quantities are ſaid to be in geometrical pro- 


| portion. They are allo called proportional. 


Thus, 


( 43 ) 
Thus, if ” b, c, d, are the four quantities, 


then 7 7. and their ratio 1s thus de- 


noted, a:b::c: d. 


Cor. Three quantities may be geometri- 
cal proportionals, viz. by ſuppoſing the two 
middle terms of the four to be equal. If 


3 | a 56 | 
the quantities are a, 6, c, then FED and 


the proportion is expreſſed thus, a : 6 : c. 
Prop. I. The product of the extremes of 

four quantities, geometrically proportional, 

is equal to the product of the means: and 

= converſely. 

| Let a b 1 C1 d. 


Then, by Def. £ = == 
and multiplying both 1 bd, ad S bc. 
If ad he, then dividing by bd, 5 = that 


is, 4: h c. d. 


Cor. 1. The product of che extremes of 
* * quantities, geometrically proportio- 
nal, is equal to the ſquare of the middle 


term. 
Cor. 


Cor. 2. Of four quantities geometrically 
Proportional, any three being given, che 
fourth may be found. 

Ex. Let a, 6, c, be the three firſt; to find 
the 4th. Let it be x, then a:6::c: x, and 
by this propoſition, 


ax =bc 
and dividing both by a, . 


This coincides with the Rule of Three in 
arithmetic, and may be conſidered as a de- 
monitration of it. In applying the rule to 
any particular caſe, it is only to be obſerv- 
ed, that the quantities muſt be ſo connec- 
ted, and ſo arranged, that they be propor- 
_ tional, according to the preceding definition, 
4 Cor. 3. Of three geometrical proportio- 
nals, any two being given, the third may be 
found. 

Prop. II. If four quantities be geometri- 
cally proportional, then if any equimultiples 
whatever be taken of the firſt and third, and 
alſo any equimultiples whatever of the ſe- 
cond and fourth; if the multiple of the 
brſt be greater than that of the ſecond, the 
multiple 
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W multiple of the third will be greater than 


e WW that of the fourth; and if equal, equal 
and if leſs, leſs. | 

i For, let a, 6, c, d, be the four proportio- 
1 nals. Of the firſt and third, ma and me may 


repreſent any equimultiples whatever, and 
alſo nb, nd, may repreſent any equimul- 
W tiples of the ſecond and fourth. Since 
W 2:5::c:4, ad=bc; and hence multiply- 
ing by mn, mnad=mnbc, and therefore 
W (Conv. Prop. 1.) ma: 1b :: nc: nd; and 
© from the definition of proportionals, it is 

plain, that if ma is greater than ab, mc muſt | 
W be greater than zd; and if equal, equal: 
1 | and if leſs, leſs. 


Prop. III. If four quantities are propor- 
tionals, they will alſo be proportionals when 
taken alternately, or inverſely, or by compo- 
fition, or by diviſion, or by converſion. See 
def. 13. 14. 15. 16. 17. of book V. of 
Euclid, Simſon's edition. 

By Prop. II. they will alſo be propor- 
tionals, according to Def. 5. book V. of 
Euclid ; and therefore this propoſition is 

Jemonſtrated 
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Aemionfiratel by Propoſitions 16, B, 18, I 7. 
E, of the ſame book. | 


Otherwiſe algebraically, 
Let 4: 6 1 c; d, and therefore ad=bc, 
Altern. 4: :: 3: 4 
Invert. 5: an: : 6 
Divid. a—b:b::c—d:d 


Comp. a+6:5:: : 6&4: d 
Convert. 4: a—5 :: Rd 


For, ſince ad be, it is obvious that in each 
of theſe caſes the product of the extremes 
is equal to the product of the means; 
the quantities are therefore proportional, 
(prop. 1.). 
Prop. IV. If four numbers be propor- 


tionals, according to Def. 5. B. V. of Eu- 


clid, they will be geometrically proportional, 
according to the preceding definition. 

1}, Let the four numbers be integers, and 
let them be a, b, c, d. Then, if 6 times a 


and h times c be taken, and alſo à times 5 


and à times a, ſince ba, the multiple of the 
"ny is equal to ab, the multiple of the fe- 
cond, 


3208 


—— 


54660 
( 47 ) 2 


cond, bc, the multiple of the third, muſt-be 
equal to ad, the multiple of the fourth. 
And, ſince bc ad, by prop. 1. a, ö, c, and 
d, muſt be geometrical proportionals. 
2dly, If any of the numbers be fractional, 
all the four being multiplied by the deno- 
minators of the fraQtions, they continue 
proportionals, according to Def. 5. B. V. 
Euclid, (by Prop. IV. of that book), and 
the four integer quantities produced being 
ſuch proportionals, they will be geometrical 
W proportionals, by the firſt part of this Prop.; 
W and, therefore, being reduced by diviſion 
80 their original form, they maniteſtly will 
remain proportionals, according to the al- 
gebraical definition. 
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CHAP. III. 


Of Equations in general, and of the Solution 
of fample Equations. | 


"DEFINITIONS. 


I, N Equation may in general be de- 
| fined to be a propoſition aſſerting 
the equality of two quantities; and is 


expreſſed by placing the ſign = be- 
tween them. 


II. When a quantity ſtands alone upon one 
fide of an equation, the quantities on 
the other fide are ſaid to be a value of 
it. Thus, in the equation x =b+g9—d,| 
x ſtands alone on one ſide, and 6+ 7 
is a value of it. ; 


III. When an unknown quantity is mall N 
to ſtand alone on mY ſide of an equa- 
tion, and there are only known quan- 

8 titities 


3 2} ny 


tities on the other; that equation is faid 
to be reſolved; and the value of the un- 
known quantity is called a root of the 
equation. 


IV. Equations containing only one un- 
known quantity and its powets, are 
divided into orders, according to the 
higheſt power of the unknown quan- 
tity to be found in any of its terms. 


the unknown quanti- 2d, tion is cal- Quadrat 


If the higheſt power of) iſt, 9 2 Er- Simple, 
ty in any term be the ) 3d, &c. ) led TE 


But the exponents of the unknown. quan- 
tities are ſuppoſed to be integers, and the 
equation is ſuppoſed to be cleared of frac- 
tions, . in which the unknown quantity, or 
any of i its powers, enter the denominators. 


— . 
Thus, &+a=2=* is a ſimple equation; 


3 —8 = I2, when cleared of the fraction 
by multiplying both ſides by 2x, becomes 
6x*—5=24x, a quadratic, | x'—2x*=x* 
2s is an equation of the 6th order, &c. 

| bY As 


651 
As the general relations of quantity which 
W may be treated of -in Algebra, are almoſt 
W univerſally either that of equality, or ſuch 
as may be reduced to that of equality, the 
doctrine of equations becomes one of the 
chief branches of the ſcience. 

The moſt common and uſeful application 
of Algebra, is the inveſtigation of quantities 
that are unknown, from certain given re- 
lations to each other, and to ſuch as are 
known ; and hence it has been called the 
Aare, Art. The equations employed 
for expreſſing theſe relations muſt therefore 
contain one or more unknown quantities, 
and the principal buſineſs of this art will be, 
the deducing equations containing only one 
unknown quantity, and reſolving them. 

The ſolution of the different orders of 
equations will be ſueceſſively explained ; 
the preliminary rules in the following ſec 
tion are uſeful in'all orders, and are alone 
W {cient for the ſolution of ſimple equa- 
tions. 
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SO T. I. 


O Simple Equations, and their Reſolution. 


Simple equations are reſolved by the four 
fundamental operations already explained ; 
and the application of them to this purpoſe 
is contained in the following rules. 


Rule I. Any quantity may be tranſpoſed 
from one fide of an equation to the other, 


by changing its ſign. 


Thus, if 3x—10=2x+5, 
Then, 3x—2x=10+5, or x= 15. 
Thus alſo, Sb Sa ax, 
By tranſ. 3x=a—b. 


This rule is obvious from Prob. 1. and 
2. ; for it is equivalent to adding equal 
quantities to both ſides of the equation, or 


to ſubtracting equal quantities from both 


Cor. The ſigns of all the terms of an BW 
equation 


» 

4 
8 
_  - 


2— 
— 


a? 


. 
(n) 

equation may be changed into the contrary 
ſigns, and it will continue to be true. 


% 


| Rule IL: Any quantity by which the un- 


known quantity is multiplied may be ta- 
Len away, by dividing all the other quan- 
tittes of the equation by it. 
* Thus, if ax =b 
4 1 
4 


Alſo, if mx 2 
bee bh «+2= 
For if equal quantities are Aided by the 


ſame quantity, the quotients are equal. 


Rule III. Ja term of an equation is fraftion- 
al, its denominator may be taken away, by 
multiplying ail the other terms by it.. 

Thus, if . be, Allo, if — e, 


Sab ac. Kb cx, 
And 5 tranf. ax—cx=b, 


q w 
— 1 — 
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For, if all the terms of the equation are 
multiplied by the ſame quantity, it * 
a true n, 


re ta the three ho Rules. 
2 


Jam 


If any quantity be found on both ſides 

of the equation, with the ſame ſign, it may 
be taken away from both. (Rule I.). 

Alſo, if all the terms in the equation are 

multiplied or diyided by the ſame quantity, 


it may be taken out of them all. (Rule II. 


and III.). Ho 


Ex. If 3x+a=a-+6, then 3x . 
If 2ax+ 3ab=ma+a?, then 2x+3b= mba, 


Any ſimple equation may be reſolved 
by theſe rules in the following manner: 
1f, Any fraction may be taken away by 
R. 3. 2dly, All the terms including the 
unknown quantity may be brought to one 
ſide of the equation, and the known terms 
to the other, by R. 1. Laſtly, If the un- 

known quantity is multiplied by any known 
quantity, it may be made to ſtand alone by 


R. 2. 


SCARE I re Mac 
— - EY — «a 


Ws. 


R. 2. and the equation will then be reſolved. 
Def. KO s 


Examples of Simple Equations reſolved by 
theſe Rules. 


, I. 
If 3zx+5=*x+9 
K. 1. 2x= 4 The 


R. 2. x 2 2. 


If 5 — i + t2 F 26 


R. 1. wie Bo 14 


9 
R. 3. 3ox — 1g — 8x = 84 
Or 7x = 84 


R. 2, . * Peat RY 
| 7 
3 
11 + 2 = 16 
* 4 


RX. 3-=+9=64 


R. 3. 20 + gx = 64x 3 
XK. I. 20 = 56x 
R. 2. 1 2 
St: 1 


— hy —ͤ— — — — — — 
= _ 0 + 
— 5 — — —³ͤ. 
3 = = 
- _ = —_ = 
* =_ — * oy 
* i F 


———ñ— — 
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SE CT. II. Solution - Pucftions prodcin 
ohh Equations. _l 


From the reſolution of equations we ob- 
tain the reſolution of a variety of uſeful 
problems, both in pure mathematics and 
phyſics, and alſo in the practical arts found- 


* , 4.74 


ed upon theſe ſciences. In this place, we 


conſider the application of i it to thoſe queſ- 


tions where the quantities are expreſſed by 
numbers, and ne magnitude alone i is to 
be conſidered. 

When an equation; containing only one 
unknown quantity, is deduced from the 
queſtion by the following rules, it is ſome- 


times called a Final Eguation. If it be 
ſimple, i it may be reſolved by the preceding 


rules; but, if it be of a ſuperior order, it 


muſt be reſolved by the rules afterwards to 
be explained. The examples in this ghap- 


ter are ſo contrived, that we final n 


may be ſimple. 


The rules given! in this ſection, for the 
folution.of queſtions, though they contain 


a 


-» 


* 
4 reference to ſimple equations only, ate to 
be conſidered as general, and as applicable 
to queſtions. which produce equatiotis of 
any order. 


\ 


GENERAL RULE. 


| The unknow 1 quantities in the queſti : FD 


fofed muſt be expreſſed by letters, and the 
relations of the known and anknown 

- quantities contained in it, or the condi- 
tions of it, as they are called, muſt be ex- 
preſſed by equations. Theſe equations be- 
ing refolved by the rules of this ſcience; 
will give the anſwer of the queſtion. 


For example, if the queſtion is concern- 
ing two numbers, they may be called x and 
7, and the conditions from which they are 
to be inveſtigated, _ be expreſſible "7 + 
** 


Thus, if it be required that the ſum of 
wo numbers ſought be 60, that condition 
* is expreſſed thus, x+y=60. | 


| N 5 4 : 1 

. 186 

1 H their” 1— muſt be 244%, 

Wil” „ 
| If their rod is 1640, then xy=1640. 
We If their quotient muſt be 6, then — = =6. 
| If their, ratio is as 3 to 2, then | 

nes Thefe are ſome of the dal which 

("Rl are molt eaſily expreſſed :- Many others oc- 
Ss a cur, which are leſs obvious; but, as chey 
11077 cannot be deſcribed in particular rules, the 
Mi algebraical expreſſion of them is beſt ex- 
114 plained by ede, and mit be ſees 
18 | F by experience. 

i Wl if A diſtinct conception of the nature & the 
61 queſtion, and of the relations of the ſeveral 
. | quantities to which it refers, will generally 
ul | lead to the proper method of ſtating it, 
. ' - _ which in effect may be conſidered only as 
LINA N a tranſlation from common language, into 
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ca. When ere is only one unknown 
quantity do be found. | 
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Rule. An equation involving the unknown 

. quantity muſt be deduced from the gugſtion 

(ur the general rule). This equation being 
reſolved by the rules of the laft ſection, _ 


give the anſwer. 


It is obvious, that, when there 0 only 
one unknown quantity, there muſt be only 
one independent equation contained in the 
queſtion; for any other would be unneceſ- 
ſary, and might be contradictory to the 
former. 


| EXAMPLE I 8 20 
"of To find a number, to which 7 there be add- 


ed a half, a third part, and a fourth part 
of uiſelf, the ſum, will be 50. 


Let i it be z; then half 25 80 it iS, a. ink 


ofit rh &c. 
Therefore, 2.3 + 37 80. 


249 128-+82X62=1200 
"$08=1200 
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'E X A Mr L E II. 
of trader ailows L. 100 per annum for thi 
- expences of his family, and augments year. 
ty that. part of bis flock which is not |; 
expended, by a third part of it; at the 


end of three years, his original flock 70d 
doubled : W, bat bad. he at firſt * * 


Let his firſt ſtock be 


69 


ne Is the operation be more complicat ed, it 
may be uſeful to regiſter the Wer 2 
of it, as in the following 1 


a o T $4 > p p * ä 4 " * 
42 — 700 4. 4=—700__.164—280a 
> Wits; * 9: 


— 162—3700 


' 8 FG 
es — 2 


* 


1 Gi } 


Therefore his ſtock was L. 1480, which 
being tried, anſwers the conditions of the 
queſtion, | | 


CASE Il When there are two unknown 
quantities. 

Rule. 8 equations aa: 
the te unknown quantities, muſt be deri- 
ved from the queſtion. | A value of one of 
tbe unknown quantities muſt be derived 


from zach of theſe equations : and theſe 
405 values being put equal to each other, 


4 new equation will ariſe, involving only 
one unknown quantity, and may therefore | 
be reſolved by the preceding rule. 


Iwo equations muſt be 1 from. 4 

the queſtion ; for, from dike including two ' 
unknown quantities, it is plain, a known: - 
value of either of thein cannot be obtained; 
more than two equations would de unbe- — 
ceſſary, and if any third condition were — A 
fumed at pleaſure, moſt probably it would ah 
be inconſiſtent with the other two, and a 
= queſtion e W ſuch conditions 32 
= would be abſurd. 


er. 3y = ge 
b es 


* 
2 


* 
4 
8 # % 
* 
* * = 
= 
* 


(664 


It is to be obſerved, however, that the 
two conditions, and hence the two equa- 
tions expreſſing them, muſt be indepen- 
dent, that is, the one muſt not be deducible 
from the other by algebraical reaſoning; 
for, otherwiſe, there would in effect be on- 
ly one equation under two different forms, 


F 


from which no ſolution can be derived. 
enn WM, 
7 perſons, A and B, were talking of their 
ages; ſays A to B, Seven years ago { wa: 
* . guſt three times as old as. you were, and 
ſeven years hence I ſhall be juſt twice as 
old as you will be : 7 demand their re. 
ſent ager? 8 
: Let the ages of 5 


* 


and B be reſpec- 
- tively 10 
Seven years ago they 


By 6. and 7). 
Tranſp. and 8. . 
By 9. and 6. or 7. 


663) 
The ages of A and B then are 49 and 
21, which anſwer the conditions. 


ſhortened, by ſubtracting the 4th from 5th, 
and thus 14=—y+35 ; and hence 9 =21. 
Therefore, (by 6th) x = (49—14) 249. 

| EXAMPLE IV. 

A gentleman diſtributing money among ſome 


able to give 5s. to each: therefore he 
gives each 4.5. only, and finds he has 5 5. 
n. To find the number of ſhillings and 


poor people. 
If any queſtion ſuch as this, in which 


are employed. There muſt be, however, 


is uſed in the notation of one of the un- 
known i and the other gives an 
= cquation. 


The operation might have been a little | 


poor people, found he wanted 103. to be 


there are two quantities ſought, can be re- 
ſolved by means of one letter, the ſolution 
is in general more ſimple than when two 


W two independent conditions, one of which 


4 d 
5 . 
s F 8 : 1 
| et 
f p 14 
1 . 


It is to be obſerved, however, chat the 
two conditions, and hence the two equa- 
tions expreſſing them, muſt be indepen- 
dent, that is, the one muſt not be deducible 
from the other by algebraical reaſoning; 
for, otherwiſe, there would in effect be on- 
ly one equation under two different forms, 


from which no 
> hot, a 
Two perſons, A 
, ages ; ſays A 


juſt three times as old as. you were, and 


_ ſeven years hence I ſhall be juſt twice as 
old as you will be : 


ſent agen? 


tively 0 


Seven years ago they 


% 
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ſolution can be derived. 
AMPLE III. 
and B, were talking of their 


to B, Seven years ago 1 was 


I demand their pre- 


and y 


63 
The ages of A and B then are 49 and 
21, which anſwer the conditions. 


The operation might have been a lutle | 


ſhortened, by ſubtraQing the 4th from 5th, 
and thus 14=—y+35;; and hence y=21« 
| Therefore,/{by 6th) x = (39—14) yp 
| EXAMPLE IV. 
A gentleman diſtributing money among ſome 
poor people, found he wanted 103. to be 
able to give 5s. to each: therefore he 
gives each 4s. only, and finds be has 5 5s. 
teft. — To find the number of ſhillings and 
poor People. 


If any queſtion ſuch as this, in which 


there are two quantities ſought, can be re- 
ſolved by means of one letter, the ſolution 
is in general more {imple than when two 


are employed. There muſt be, however, 


two independent conditions, one of which 


is uſed in the notation of one of the un- 
known e and the other gives an 
equation. 


- » 
F 
* — 8 N ol 

a et 
0 iP 

Pa 

— 
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The number of ſhillings will be[2|5z—to 

The number of ſhillings is alſo 314z+5 | 
By 2. and 3. | $3—10=42+5 
Trap. 5 5A 215 


The mickbet of poor, therefore, is 15, and 
the number of ſhillings is (4z+5=) 65, 
which anſwer the conditions. 


EXAMPLE V. 
A courier ſets out from a certain Place, and 
travels at the rate of 7 miles in 5 hours ; 
and 8 hours after, another ſets out from 
the ſame place, and travels the ſame road 
at the rate of 5 miles in 3 hours : I de- 
mand bow long and how far the firſt muſt 


travel, before be is OVerTOkcE by the ſes 
cond? n 


Let the number of hours 2 
which che firſt travelled be 8 
Then the ſecond travelled 
The firſttravelled ſeven miles 
in 5 hours, and therefore 
in y hours 

In like manner the ſecond } 
travelled in y—8 hours 

But they both travelled the 
fame number of mes; 5 

Male. eee, 
1 Tran. V 4y=200 

? Divid. | n 550 ö 


1 

: 4 of 

| * R 

FS The 

17 

g * A : 
mY * ju o 
l F 
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The firſt then travelled 50 hours, the fe 


cond (/—8 =) 42 hours. 
The miles travelled "OW —_— —— = ==.) * 


1 


CAsE III. When there are three or more 


4 + 


unknown quantities. 


Rule. When there are three unknown quan- 
tities, there muſt be three independent 
equations ariſing from the queſtion; and 


from each of theſe a value of one of the 


unknown quantities muſt be obtained. By 
comparing theſe three values, two equa- 


tions will atiſe, involving only two un- 
fnown quantities, which may therefore be 


reſolved by the rule for caſe 2. 


In hke manner, may the rule be extend- 


ed to ſuch queſtiens as contain four-or more 


unknown quantities; and hence it may be 
inferred, That, when juſt as many indepen- 


dent equations may be derived from a queſ- 
tion, as there are "unknown quantities in it, 


theſe quantities may be found by the reſolus 


tron bf equittions. 
Ry I E X- 


Sr oe - — * 


22557 r 
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EXAMPLE VL 
To find three numbers, ſo that the firſt, with 
2 bal the other two, the ſecond with one 


third of the other two, and the third 
with one fourth of the other wo, may be 


equal to 34. 
Let the numbers be x, 9, z, and the 2 are; 


| 1 R= ; 1 
| 1 11 
254 : 
2 2 
3 249 
| | 4 34 
From the iſt, NN * 9) 
From the 2d, 5 — W D) 
From the 3d, | = 8 | n 
From 4th and 5th, | 7 — 102—3y—z # 
* r. 
th reduced 8 5 — 1. 
: =6, and reduced 9 = 24 ; 
1 2 0 
88 335-0 2 | g Dn 
and g ity . 
roth reduced 1152 — 170 272—23 
| 12 1722442 Cr z=26 


By 8 and 5 1173 V= 22 and x=10 
| | E X A N- 


lf the digits be in- 
= verted, it is 
he digits are in 
ar. prop. there- 
fore 


f By queſtion 


; By queſtion 
From 6 and tranſ. 
Vivid. by 99 


for x and 5 
ranſ. 


4 


WDivid. 


et the 3 digits be 
Then the number is 


* number men! is 432, which ſucceeds upon trial. 


3 


( 6 ) 


"EXAMPLE VII. 
To find a number conſiſting of three places, 


whoſe digits are in arithmetical propor- 

tion ; if this number be divided by the ſum . 
of its digits, the quotient will be 48; and 
if from the number be ſubtracted 198, the 
digits will be inverted. 


I 55 2 


2/1 00x + Loy+2 
100z+1oy+x 


A +£=2y 


| I00x+I0y+z 
* + y+z 
Ioox+1og+z—198= 
g9x = 99z+198 
=2-2 

X= 2y—2 _. 
2y—Z=2+2 

JYa=Z+ 1 
Llo0x+10y+2=2 48x + 483+ 482 
52x=3Z8y +472 


$22+104=38z+38+472 
332 266 


[= 


=48 


I002+IOp+x 


y=(z+1=)3 
x =(2+2=)4. 


It 


* 


* 


It ſometimes happens, that all the un. 
known quantities, when there are more 
than two, are not in all the equations ex- 
preſſing the conditions, and therefore the 
preceding rule cannot be literally followed. 
The ſolution, however, will be obtained 
by ſuch ſubſtitutions as are uſed in Ex. 7. 
and 9. or by ſimilar operations, which need 
not be particularly deſcribed, 


Corollary to the preceding Rules, 


It appears that, in every queſtion, there 
muſt be as many independent equations as 
unknown quantities; if there are not, then 
the queſtion is calied indeterminate, becauſe 
it may admit of an infinite number of an- 
ſwers; ſince the equations wanting may be 
aſſumed at pleaſure. There may be other 
circumſtances, however, to limit the an- 
ſwers to one, or a preciſe number, and 
which, at the ſame time, cannot be directly 
expreſſed by equations. Such are theſe; 
that the numbers muſt be integers, ſquars, 
cubes, and many others. The ſolution of 
| ſuch 


\ 
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ſuch problems, which are alſo called Dio- 
pbantine, ſhall be conſidered afterwards. 


SCHOLIUM. 


On many occaſions, by particular contri- 
vances, the operations by the preceding 
rules may be much abridged, This, how- 
ever, muſt be left to the {kill and practice 
of the learner. A few examples are the 
following. | 
1. It is often eaſy to employ fewer let- 
ters than there are unknown quantities, by 
expreſſing ſome of them from a ſimple re- 
lation to others contained in the conditions 
of the. queſtion. Thus, the ſolution be- 
comes more eaſy and elegant. (See Ex. 4. 
F.). 

2. Sometimes it is convenient to expreſs 
by letters, not the unknown quantities 
themſelves, but ſome other quantities con- 
nected with them, as their ſum, difference, 
&c. from which they may be caſily derived. 
(See Ex. 1. of Chap. 5.). 


3- ; We 
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3. In the operation alſo, cireumſtances 
will ſuggeſt a more eaſy road than that | 
pointed out by the general rules. Two of 
the original equations may be added to- 
gether, or may be ſubtracted; ſometimes 
they muſt be previouſly multiplied by ſome 
quantity, to render ſuch addition or ſub- 
traction effeQual, in exterminating one of 
the unknown quantities, or otherwiſe pro- 
moting the ſolution. Subſtitutions may be 
made of the values of quantities, in place 
of quantities themſelves, and various other 
ſuch contrivances may be uſed, which will 
-render the ſolution much leſs complicated. 


{See EX. 3. 7. and 9. ). 


CHAP. 


4 


PART IL 


General Solution of Problems. 


N the ſolutions of the queſtions in the 
WL preceding part, the given quantities 
(being numbers) diſappear in the laſt con- 
cluſion, ſo that no general rules for like 
caſes can be deduced from them. But, if 
letters are uſed to denote the known quan- 
tities, as well as the unknown, a general 
ſolution may be obtained, becauſe, during 
the whole courſe of the operation, they re- 
tain their original form. Hence alſo the 
connection of the quantities will appear in 
ſuch a manner as to diſeover the neceſſary 
limitations of the data, when there are any, 
which is eſſential to the perfect ſolution of 
a 


* 


a problem. From this method, too, it is 
eaſy to derive a „ eher een 
of the ſolution. 94 

When letters, or any other ſuch ſymbols, 
are employed to expreſs all the quantities, 
the algebra is ſometimes called Mecibur ot 
literal. 


EXAMPLE VII 


To find two numbers, of which the un 
and 45 erence « are given. 


CE eee 


e e ee ing eee Fang. 
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In the ſame manger may the canon be 
applied to any other values of s and d. By 
reverſing the ſteps in the operation, it is ea- 
ſy to ſhew, that if VE * and LE — 
the ſam of x and 3 muſt be 5s, and their 
difference d. 


EXAMPLE IX. 


I If A and B together can perform a piece of 
work in the time a; A and C together in 
the time b, and B and C' together in the © 
time c, in. what time will each of them 
perform it alone? 


+ 


Let A perform the work in the time x, 
B in y, and C in 2; then, as the work is 
the ſame i in all caſes, it may be repreſented 
by, unity. a 


( 


: | { 


I 


— 
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Example in Numbers. 


"* Bl a=8 days, b=g * ſs o_— 
den 435 5 174 and 23 5 =, It 


appears likemiſ that a, b, c, muſt be "ſuch, 


that the product of any two of them muſt 
be leſs than the ſum of theſe two multi- 
plied by the third. This is neceſſary to 


give poſitive values of *, , and 2, which 
alone can take place in this queſtion. Be- 
ſides, if &, y, and 2, be aſſumed as any 


known numbers whatever, and if values of 
a, b, and c be deduced from ſteps 7th; 8th, 
and ꝗth, of the preceding operation, it will 


appear that a, ö, and c, will have the pro- 


perty 1 in : the Men han men- 


tioned. 


If a, , and n urg that any of the 


quantities, x, J, or 2, became equal to o, it 
| implies, that one of the agents did nothing 
in the work. If the values of any of theſe 


quantities be negative, the only ſuppoſition 


which could give them any meaning would 


be, that ſome of the agents, inſtead of pro- 
moting 


( 36 
motitig the work, either obſtructed it, or 
undid it to a certain extent. 


* . = w * * 


* 
' : 
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In queſtion th, let the firft\ convier travel 
p miles in q hours ; the ſecond r miles in 
s hours ; let the interval between their 
ſetting out be a 


Then, by working as formerly, 


— — 


If particular values be inſerted for theſe 
letters, a particular ſolution will be obtain- 
ed for that caſe. Let them denote the 
numbers in Example 5. 


e 
Bs N 


Here it is obvious, that gr muſt be great- 
er than ps, elſe the problem is impoſſible; 
for then the value of x would either be in- 
finite or negative. This limitation appears 
alſo from the nature of the queſtion, 3 

the 
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the ſecond courier muſt travel at a greater 
rate than the firſt, in order to overtake him. 
For the rate of the firſt courier is to the rate 


of the ſecond as E to that is, as br to gr; 
7 4 


and therefore gr muſt be greater than p. 


% =D 33 
; 
\ a, TA % N I" x "Ras. « wk 
S C UM. 


Sometimes when there are many known 
quantities in a general ſolution, it may fim- 
plify the operation to expreſs certain com- 
binations of them by new letters, ſtill to be 


mee, 
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CHA P. IV. 


Of Involution and Evolution. 


N order to reſolve equations of the high- 
er orders, it is neceſſary to premiſe the 
rules of INVOLUTION and EVOLUTION. 


— 


5 LEM MA. 


The reciprocals of the powers of a quan- 
tity may be expreſſed by that quantity, 
with negative exponents of the - ſame de- 
nomination. . That is, the ſeries 3, 1, 
_ _ — 15 &c. may be expreſſed by 
a, a., a=", , , a=", &c. 
| For 
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For the rule for dividing the powers of 
the ſame root was to ſubtract the expo- 
nents; if then the index of the diviſor be 
greater than that of the dividend, the index 
of the quotient muſt be negative. 


— Alſo, ==1: And fo 
. 1 
on of others. 


Cor. 1. Hence any quantity which mul. 
tiplies either the numerator or denominator 
of a fraction, may be tranſpoſed from the 
one to the other; by * the ſign of 
its index. 


Cor. 2. From this notation, it is evident 
that theſe negative powers, as they are eil. 
ed, are multiplied by adding, and divided 
by ſubtracting their exponents. 


Thus, 


„ 
Thus, ee "2305 0 


1 1 1 7 1 1 5 
. 7 
— I. 6&6 
4— e 
* De: 1 ' 


I. Of Involution: 


To. find any power of any quantity, js | 
the buſineſs of involution. 


Caſe I. When the quantity is ſimple. | 

Rule. Multiply the exponents of the letters 
buy the index of the power required, and 
rale the coefficient to the ſame yur * 
Thus, the 2d power of & is b =. 


The 3d power of 24* is 8a * "=80f. 
The 3d power of. 290.1 is 274 hes = 227 


For the multiplication would be perform- 
| ed by the continual addition of the expo- 
nents; and this multiplication of them is 
equivalent. The ſame rule holds alſo when 
the ſigns of che exponents a are e negative. 


gurt a > 5 Rate 
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Rule for the Signs," * 


If the fign of the given gend is 10 all 


its pexvers muſt be pafitive. If the fign is 
, then all its powers whoſe exponents 


are even numbers, are poſitive ; and al 
its powers whoſe exponents are odd nun- 
bers, are Wei ve. 


This is 5 from che rule for the 
ſigns in multiplication. 
The laft part of it implies the moſt ex- 


tenſive uſe of the ſigns + and — by ſup- 


poſing that a negative quantity may exif 
by itſelf. 


Caſe Il. When the quantity 1s PR. 


Rule. The howers muſt be found by à conti 
©  nual multiplication of it by itfelf. 
Thus, the ſquare of += is found by 
er it into itſelf. The Ae is 
er +, The cube of x+£ is is got by 


ä | multiplying 


( 33) 59 93 322 3 
3 63 73 50 
multiplying the ne already found by 5 


the root, GC. 


Fractions are raiſed to any power, by rai- 
ſing both numerator and denominator to 
that power, as is evident from the rule for 
multiplying fractions, in chap. 1. p. 2. 


The involution of compound quantities 
is rendered much eaſier by the binomial 
theorem ; for which, ſee Chap. VI. 


Note. The ſquare of a binomial conſiſts 
of the ſquares of the two parts, and twice 
: the 3 of che t two ehe 


II. Of Evolution. 


1 


— 


Evolution 18 the reverſe of W 


and by it powers are reſolved into their 
roots. | | | 9 


Def. The roar of any quantity is ex- | 
preſſed by placing before it (called a 3 
radical fign) with a ſmall figure above it, 

denoting the denomination of that root. 


{ 


WO Thus, l | | . 


684) 
3 the ſquare root of a is IT or ya” 
The cube root of bc 1s „ ; —þ 


2 he 4th 1 root of a*b—x* is VET 
The mth root of c*—ds is JE 


General Rule for the Signs, . 

1. The root of any poſitive power may be ei- 
ther poſitive or negative, if it is denomi. 
nated by an even number; if the root is 
denominated by an odd number, it is Poſe 
ti ve only. Gs 

2. I the power is negative, the root. alſo is 
negative, when it is denominated by an 
odd number, | 

3. If the power is negative, and the dens- 
mination of the root even, then no root can 


be aſſigned. 


This rule is eaſily d deduced from that 
given in involution, and ſuppoſes the ſame 
extenſive uſa of the figns + and —. If it 
is applied to abſtract quantities in which a 
contrariety cannot be ſuppoſed, any root of 
a poſitive quantity muſt be poſitive only, 


and 
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1 any root of a negative quaitey, like it- 
ſelf, is unintelligible. 

| In the laſt caſe, though no root can 5. 

aſſigned, yet ſometimes it is convenient to 

ſet the radical ſign before the negative 

quantity, and then it is called an impoſſible 

or mmaginary root. | x 

The root of a poſitive power, denomi- , 
nated by an even number, has often the 
ſign = before it, denoting that it may have 
either + or —. 

The radical fign may be 8 to ex- 
preſs any root of any quantity whatever; 
but ſometimes the root may be accurately 
found by the following rules, and when it 
cannot, it may often be more conveniently 
exprelled by the methods now to be ex- 
plained. [rg 


Cafe I. When the quantity is ſimple. 


Rule. Divide the exponents of the letters by. 
the index of the root required, and prefix 


the root of the numeral coefficient. 


1. The exponents of the letters may 
be multiples of the index of the root, and 
the 


Cf 
L 2 amelton 5 7 > 


# 
— 
— 
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\ 
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| the root of the coefficient may be extra. 
ed. 3 


Thus, the 95 7 K. root of a*=a* e 
27d? eee. 


4 55 4 =ab", 


2. The exponents of the letters may not 
be multiples of the index of the root, and 
then they become fractions; and when the 
root of the coefficient cannot be extracted, 
it may alſo be expreſſed by a fractional ex- 
ponent, its original index "Rug ned 
to be 1. 


Thus, 16a S. 40 5 
Hax 2 : V7 c. 
As evolution is the reverſe of involution, 
the reaſon of the rule is evident. 
The root of any fraction is found by ez ex- 


tracting that root out of both numerator 
and denominator. 


Caſe II. When the quantity is compound. 
1. To extract the ſquare root. 
e It | _ - 


75 
— 
| 
7 
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1. The given 1 is to is * ace, 
cording to im e eder letters, as in 
di visom. ; 
Thus, in the 8 4 ab 455 the 
quantities are ranged in this manner. 


2. The ſquare root is to be extratled out of 
the firſt term (by preceding rules ), which 


gives. the firſt part of the root fought. 
Subtract its ſquare from the given quan- 


tity, and divide the firſt term of the re- 
mainder by double the part already found, 
and the quotient is the Jecond term of the 
AS | ' 


Thus, in this example, the remainder is 
2ab+b*; and 2ab being divided by 2a, the 
double of the part found, gives. 5 for the 
ſecond part of the root. 


3. Add thy fecond fo to double of the fit, 
8 multiply their ſum by the ſecond part: 
Subtratt 


— 


6 
— — —— — : 


Subtra# the product from the laft remain- 
der, and if tiothing remain, the ſquare root 
is obtained. But, if there is a remainder, 
it muſt be divided by the double of the 
parts already found, and the guatient will 
give the third part of the rootg;and ſo on, 


In the laſt example, it is obvious tha 
ab is the {quare root fought. 


| | The entire operation is as follows: 


* þ20b+Þ(a+6 | 
4² | | 


N 245 C62 
xXx 2ab+0* 
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163 15 79 
The reaſon of this rule appears from the 


nee of a ſquare. 


2. To extract any other root. 


Rule. Range the quantity according to the 
dimenſions of. its letters, and extract the 


ſaid root out of the firſt term, and that 
Hall be the firſt member of the root requi- 
red. Then raiſe this root to a dimenſion 
lower by unit, than the number that de- 
nominates the root required, and multiply 
the power that ariſes, by that number it- 
ſelf: divide the ſecond term of the giuen 
quantity by the product, and the guotient 
fall give the ſecond member of the root 

| required, In like manner are the other 
parts to be found, by conſidering thofe 
already got as making one term. 


Thus, the fifth root of 
2 ＋ 59% + 10a%* + 104% + gab*+b(a+6 


a® 


5a.) 5a*b 


r 
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- | And as raiſed to the 5th power is the 
given quantity, and therefore it is the root 
ſought. 
In evolution it will often happen, that 
the operation will not terminate, and the 
root will be expreſſed by a ſeries. 
Thus, the ſquare root of aa x* becomes 
a ſeries, 


_ 


6 N 
a 
83 2 Kc. 


10 
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4 


The extraction of roots by ſeries is much 
facilitated by the binomial theorem (Chap. 
VI. Sect. 3.) . By ſimilar rules, founded on 
the ſame principles, are the roots of num- 
bers to be extracted. 


— 


III. Of Surds. 


Def. Quantities with fraQtional expo- 
nents are called Surds, or Imperfect Powers. 
Such quantities are alſo called irrational, 
in oppoſition to others with integral expo- 
nents, which are called rational. 


Surds may be expreſſed either by. the 
fractional exponents, or by the radical ſign, 
the denominator of the fraction being its 
index; and hence the orders of ſurds are 
denominated from this index. 3 


In the following operations, however, it, 

is generally convenient to uſe the notation 
- 0 

by the fractional exponents. - 

2 S NV. Na 2ba*. a ÞF=a*b+. 


The 
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The dperations concerning ſurds depend 
on the following principle. / the numera- 
tur and denominator of a fractional exponent 
be both multiplied or both divided by the 
| ſame quantity, the value of the power is the 


m mc m 


fame, Thus, a» a for, let an ; 


then a* ==, and a"*=6b"*, and extracting 
1 
the root uc, a= =bn=b=a", 


Lem. A rational quantity may be put in- 
to the form of a ſurd, by reducing its index 
to the form of a fraction of the ſame value. 


: — 
Thus, a=a* = V 


a*b Sa N. 


Prob. I. To reduce ſurds of different 
denominators to others of the ſame value, 


and of the ſame denomination. 


Rule. Reduce the fraftional exponents t 
others of the ſame value, and having tht 


fame common denominator. 
20h Example, 
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Example. in A, or a*, b; but 
41 and 33 —3#, therefore a, and 
ee 
JF are reſpectively equal to i and ,. 
Prob. II. To multiply and divide ſurds. 


1. When they are ſurde of the ſame rational 
quantity, add and ſubtract their exponents, 


LE 3 +3 Fe 
e ais. 
J 2 —86 Fe I 6 


2, If they are ſurds of different rational 
quantities, let them be brought to others of 
the ſame denomination, if already they are 
not, by prob. 1. Then, by multiplying or 

_ dividing theſe rational quantitics, their 
product or quotient ma ay be ſet under the 
common radical hh gn. 


Thus, JT * 7 er. 


931 N. __ 
Nr N 22 


255565 Iyer —OO ng wo 
o oe — 
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If the ſurds have any rational coefh- 
cients, their product or quotient muſt be pre- 
fixed. Thus, a n Xb/n ab nm. It is 
often convenient, in the operations of this 
problem, not to bring the ſurds of ſimple 
quantities to the ſame denomination, but 


to expreis their product or quotient with- 


out the radical ſign, in the ſame manner as 
if they were rational 8 Thus, the 


product in Ex. 1. may be dbb, and the 


quotient in Ex. 3. 4 . 

Cor. If a Wel 8 40 be prefix- 
ed to a radical ſign, it may be reduced to 
the form of a ſurd by the lemma, and mul- 
tiplied by this problem; and converſely, if 
the quantity under the radical ſign be di- 


viſible by a perfec power of the ſame de- 


nomination, 


TW i 
nomination, it may be taken Out, and itg = 
root prefixed as a coefficient. | 


4 3 Po 3 2 7 
av/b=v/a'b; Xx V Na. 1 
Conv. va*b*=aby/b;; V d b 2425. 


Even when the quantity under the radi- 
cal ſign is not diviſible by a perfect power, 
it may be uſeful ſometimes to divide ſurds 


into their component factors, by reverſing 
the operation of this problem. 


— wma 3 3 
Thus, Vab Va Xx V, vi I x Var 


— — : } 


= Ta X V/a—x Xx VO, R | | — 


PRO3. III. To inyolve « or eyolve fats... TS 


This is te by the ſame rules as 
in other quantities, by multiplying or divid- 
ing their exponents by the index of the - . 
power or root required. ae | | f 

The notation by negative exponents | 
mentioned in the lemma at the beginning 
of this chapter, is applicable to fractional 

exponents, in the on manner as to inte- 
gers. 


; 3CH0:- 
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SCHOLIUM.: 


The application of the rules of this chay- 
ter to the reſolving of equations, ſhall be 
explained in the ſucceeding chapters, which 
treat of the ſolution of the different claſſe; 
of them; but ſome examples of their uſe 
in preparing equations for a ſolution, arc 
the following. | | | 

If a member of an equation be a ſurd 
root, then the equation may be freed from 
any ſurd, by bringing that member firſt to 
Rand alone upon one fide of the equation, 
and then taking away the radical ſign from 
it, and raiſing the other fide to the power 
denominated by the index of that ſurd. 

This operation becomes a neceſſary ſtep 
towards the ſolution of an equation, when 
any of the unknown quantities are under 
the radical ſign. | 

Example. If 3 /P—i+2y=a+y 

Then 3 /#=—#=a—y | 
And 9X x=—a'=a*—2ay+f 
| If 
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If the unknown quantity be found only 
under the radical ſign, and only of the firſt 
dimenſion, the equation will become ſimple, 
and nay be reſolved by che preceding rules. 


Thus, if e 529 


L Then I= 
And 4x+16=64 wary 


pw. 


n | 

If Jan 
Then a*x—b*x m—_—_ 
| OG 


K ——. 
2.—6* 


If the unknown quantity in a final equa- 
tion has fractional exponents, by means of 
the preceding rules a new equation may be 
ſubſtituted, in which the exponents of the 
unknown nn, are integers. 


Thus, if * 4 35 = 10, by reducing the 
ſurds to the ſame denomination, it becomes 

3 4 . 
x*+3x® 10; and if Sers, then 3-32 
=10; aud if this equation be reſolved, 
N from 
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from a value of s, a value of x may be got 
by the rules of the next chapter. Thus al. 


ſo, if x+2x*—3x*=100. If x*=2, thi 
equation becomes 2*4-22'—32*= 100. 


. 2 1a. f | 
In general, if x! + x * , by reducing 


> — 
the ſurds to the ſame denomination, & 


m 1 
* Sa, and if &“ == x, then the equation 
* m | * * 
18 * +2 "=a, in which the exponents of 


z are integers; and & being found, x is to 
1 


be found from the equation æ& * =. 


CHAP 


n 


Een, were divided into orders 
according to the higheſt index of the 
unknown quantity in any term. (Chap. 
III.). 


Equations are either pure or adfected. 


Def. 1. A pure equation is that in which 
only one power of the unknown quan- 
tity is found. 


2. An adfefed equation is that in which 
different powers of the unknown quantity 
are found in the ſeveral terms. 


Thus, F | 


pure equations, 


And x -a = b, x +x*= 17, are =" 
ted, 


I. 
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I. Solution of Pare hh 


Rule. Make the power of the unknown 
quantity to ſtand alone, by the rules for- 
merly given, and then extra the root, of 
the ſame denomination, out of both fides, 

| which worll give the value * the unknown 


quantity. 
EXAMP LES. 


it a*Þax*=b* a - K - 


ax*= 55.—2 ax - x 5— 


3 . 
1 UY ED 
| "and * / 
: 2 
* + Boz th | re 
x=,/* | ES, x = | 
a = 


The index of the power may alſo be 
fraQtional ; as, in the laſt example, m may 
be any number whatever. Let m=+, then, 
as before, 


Sometimes different powers of the un- 
known quantity are found in the equation, 
yet the ſeveral terms may form on one ſide 
a perfect power, of which the root being 
extracted, the equation will become ſimple. 


Thus, if x —12x*+48x—=98. It is eaſy 


to obſerve that x'—12x*+48x—64= 34, 
forming a complete cube, of which the root 
being extracted, x—4="4/34. And x=4 


EXAMPLE I. 


To find four continued proportionals, of which 
the ſum of the extremes is 56, and the ſum 
- of the means 24. 


To reſolve the queſtion in general terms, 
let the ſum of the extremes be a, the ſum 
of the means h, and let the difference of the 
extremes be called s, and the difference of 
the means y. Then, by Ex. 8. Chap. 3. 

The 
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* Sy: b—y : a—2Z 
| % pb 42549" 
eee. 
3d added to At e 26* + 2z* ö 
wo 1 fro 4 2ay=aby | 
6th reduced 1 7 
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1th ſubſt. for * 2by* Tay 1 F 
in 5th 1 * — 2 2 2 +29 
Tranſ. did - | 
and : ab*—h3 23by* ay | : ] 
b 63 —35 2 


| | ab? h3 
In numbers 4 2 
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Hence the four proportionals are 54, 18, 
6, 2; and it appears that B muſt not be 
greater than a, otherwiſe the root becomes 
impoſſible, and the problem would alſo be 
impoſſible; which limitation might be de- 
duced alſo from Prop. 25. V. of Euclid. 
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II. Solution of adfeted Neeb Eque- 


Hons. 


Adfected equations of different orders 
are reſolved by different rules, oye vely 
to be explained. 


An adfected quadratic equation (com- 


addy called a quadratic) involves the un- 
known quantity itſelf, and alſo its ſquare : 
It may be reſolved by the following 


RULE. 


1. Tranſpoſe all the terms involving the un- 
| known quantity to one fide, and the known 
terms to the other ; and ſo that the term 
containing the ſquare of the unknown 
quantity may be poſitive. 


2. If the ſquare of the unknown quantity is 


multiplied by any coefficient, all the terms 


of the equation are to be divided by it, fa 
that the coefficient of the ſquare of the 
known quantity may be 1. 


3- Add to oth fides the ſquare of half the 


coefficient of the unknown quantity itſelf, 
and 


l ment » r 


ies) 


and the fide of the equation involving the 
' unknown quantity will be a complete 
zuare. Ag 

4. Extra# the ſquare root from both fides of 
the equation, by which it becomes ſimple, 
and by tranſpoſing the above mentioned 
balf coefficient, a value of the unknown 

_ quantity is obtained in kneten terms, and 


therefore the equation ts reſoived. 


The reaſon of this rule is manifeſt from 
the compoſition of the ſquare of a binomi- 
al, for it conſiſts of the ſquares of the two 
parts, and twice the product of the two 
parts. {Note at the end of Chap. IV.). 
The different forms of quadratic equa- 
tions, expreſſed in general terms, being re- 
duced by the firſt and ſecond parts of the 


rule, are theſe? 
* 


195. 


2 * = 
Tere T5 


* 4 


3 . 
i A 2 
= Caſe 2. x%—ax=b* 


a? a* 
* - ET UU 


Caſe * — 


Of theſe caſes it may be obſerved, 

I, That if it be ſuppoſed, that the ſquare 
root of a poſitive quantity may be either 
poſitive or negative, according to the moſt 
extenſive uſe of the ſigns, every quadratic 
equation will have two roots, except ſuch 
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of the third form, whoſe r roots become] im- 
poſſible. 

2. It is ht that, in the two | firſt 
forms, one of the. roots muſt be poſitive, 
and the other negative. 


3. In the third form, if 4 or the ſquare 


of half of the coefficient of the unknown 


quantity be greater than 6*, the known 

quantity, the two roots will be poſitive, 
2 

If Z be equal to 5, the two roots then be- 


come equal. 


But if, in this third ale, © — leſs than 
4 


52, the quantity under the radical ſign be- 
comes negative, and the two roots are there- 
fore impoſſible. This may be eafily ſhewn 
to ariſe from an impoſſible ſuppoſition in 


the original equation. 


4. If the equation, however, expreſs the 
relation of magnitudes abſtractly conſider- 
ed, where a contrariety cannot be ſuppoſed 
to take place ; the negative roots cannot be 
of uſe, or rather there are no ſuch roots; 
for then a negative quantity by itſelf is un- 
«4 intelligible, | 


t wy ] 


intelligible, and therefore the ſquare root 
of a politive quantity muſt be politive only. 

Hence, in the two firſt caſes, there will be 
only one root ; but, in the third, there will 
be two. For, in this third cafe, x*—ax= 
—þ*, or ax—x*=6?, it is obvious that 
may be either greater or leſs than 34, and 
yet a—x may be poſitive; and hence 


a—Xx X x =ax—x* may alſo be poſitive, and 
may be equal to a given poſitive quantity 
bp: therefore the ſquare root of x*—ax+ 
za may be either x—1a, or 1a—x, and 
both theſe quantities alſo poſitive. _ 


Eet then x— e and x= —+ 


* =—3?, --Alfo; let S r, 
4 2 4 


and hence x = — 0 qr and theſe 


are the ſame two poſitive roots as were ob- 
tained by the general rule. 

The general rule is uſually employed, 
even in queſtions where negative numbers 
cannot take place; and then the negative 
roots of the two firſt forms are neglected. 


Sometimes 
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Sometimes even, only one of the poſitive 
roots of the third caſe can be uſed, and the 
other may be excluded by a particular con- 
dition in the queſtion. When an impoſ- 
ſible root ariſes in the ſolution of a queſ- 
tion, which has been reſolved in general 
terms, the neceſſary limitation ef the data 
will be diſcovered. 

When a queſtion can be ſo ſtated, as to 
produce a pure equation, it is generally to 
be preferred to an adfected. Thus the quel- 
tion in the preceding ſection, by the moſt 
obvious notation, would produce an adfect- 


ed equation. 
II. Solution of Queſtions producing Quadra- 


tic Equations. MON, 


The expreſſion of the conditions of the 
queſtion by equations, or the ſtating of it, 
and the reduction likewiſe of theſe equa- 
tions, till we arrive at a quadratic equation, 
involving only one unknown quantity and 
its ſquare, are effected by the ſame rules 
which were given for the ſolution of ſimple 
equations, in Chap, III. 

E X- 


| 
; 
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EXAMPLE I. 


One lays out a certain ſum of money in goods, 
which he ſold again for L. 24, and gain- 
ed as much per cent. as the goods coft bim: 
I demand what they coft bim? 


che money laid out be 10% 
ee gain will be 224—9 - 


It this gain is 2400 - looy 
24—9:: 100) 0 N N 
erefore by queſtion | 4] y = 2 2 
3 nd by mult. and tr. 55 {+ I00y= 2400 
I mpleting the ſquare | 6|y*+ 100y+5 TD |"=2400+2500=4g06 
r. the root 719 +50==t:/4900=70 
anſ, 8| y==23=70—50=20, or — 120. 


The anſwer is 20l. which ſucceeds. The 

other root, —120, has no place in this ex- 

ample, a negative number being here unin- , 
telligible. 


Any quadratic equation may be reſolved 
alſo by the general canons at the beginning 
of this ſection. That ariſing from this 
queſtion, (No. 5.), belongs to Caſe 1. and 
a=100, &*=2400 ; therefore, 


F * 


Wy 


—þ2 0 


6e 


. e — 100. 


100? 


<> 2400=30, or —120, as before: 


EXAMPLE II. 
77 hat two numbers are thoſe, whoſe diffe= 
rence is 15, and half of whoſe produt is 


equal to the cabe of the leſſer ? = 
Let the leſſer number be 
'The greater is ? 
: 
By queſtion 1222 | 
Divide by * and mult. by 2. 4%. 1 5=2x? | 
4th prepared FL =13 
| "x 
Complete ſquare "SIE, OF ah. mn} Fg BP. 
1 2 "Rn; 71610 
Ext. - 7 — = 
4 4+ 
Tranſp. eZ, or 
2 


The numbers, therefore, are 3 and 18, 

which anſwer the conditions. This is an 

example of Caſe 2d, and the negative root 
is neglected. 


A 
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ir 
A ſolution, indeed, may be repreſented 


by means of the negative root — 2 for 


then the other nen, 18 . I 3 


1885 An 0 * = 25 18 cn to 


the cube of — 5. Such a ſolution, though 


uſeleſs, and even abſurd, it is plain muſt 
correſpond to the conditions, if thoſe rules 
with regard to the ſigns be uſed in the ap- 
plication of it, by which it was itſelf dedu- 
ced. The ſame obſervation may be extend- 
ed even to impoſſible roots, which being 
aſſumed as the anſwer of a queſtion, muſt, 


by reverſing the ſteps of the inveſtigation, 


correſpond to the original equations, by 
which the conditions of that queſtion were 
expreſſed. 


EXAMPLE IV. 


To find two numbers whoſe ſum is 100, and 
whoſe product is 2059. 


Let 


( m2 


Let the given ſum 1000, the product 
2059=b, and let one of the numbers ſought 
be x, the other will be a—x. Their pro- 
duct is ax—x*. 

Therefore by queſtion | 


Complete the ſquare 
Extr. / 


By inſerting numbers X=71 or 29, and 
a—x=29 or 71, ſo that the two numbers 
ſought are 71 and 29. 

Here it is to be obſerved, that þ muſt not 


be greater than 7 elſe che roots of the 


equation would be impoſlible ; that is, the 
given product muſt not be greater than the 
ſquare of half the given ſum of the num- 
bers ſought. This limitation can eaſily be 
ſhewn from other principles; for, the great- 
eſt poſſible product of two parts, into which 

any 


| ( #13) 

any number may be divided, is when each 

of them is a half of it. If ö be equal to 
2 , | a * 

= there is only one ſolution, and x= , 


| a 
alſo a—x = "a 


EXAMPLE. v. 


There are three numbers in continual geome- 
trical proportion : The ſum of the firſt 
and ſecond ts 10, and the difference of the 7 
ſecond and third is 24. What are the 5 


numbers? 


5 ; 
; 1 | 9 
. the firſt be 1] | - 
= he ſecond will be 210—2 Ys. the 's. 
aud the third 3134—2 


= vid. | Gz*—272=—50 


N " 4 
* 4 2 

ranſp. 2 E 25, or 2. 

FIVE A. $4 WY 


But, though there are two poſitive roots 
in this equation, yet only one of them can 
P he r e > 


( 4s}. 


here be of uſe, the other being excluded by 
a condition in the queſtion. For, as the 
- ſum of the firſt and fecond is 10, 25 cannot 
be one of them: 2 therefore. is the firſt, and 
the proportionals will be 2, 8, 32. 

This reſtriction will alſo appear from 
the explanation given of the third form, to 
which this Ro” belongs. For 2 may 


be leſs than - ＋, but, from the firſt condition 


of the ae it cannot be greater; hence 


77 


the quantity 8—272 + 


can have only 


| " 
one ſquare root, viz. *—=; and this being 


put equal to 2 2, we have by e 


tion * — 27 23 =2, which gives the aol 


juſt ſolution of the queſtion. 

From the other root, indeed, a \ ſolution of 
the queſtion may be repreſented by means 
of a negative quantity. If the firſt then be 
25, the three proportionals will be 2 5,—15, 
9. Theſe alſo muſt anſwer the conditions 


eonding to the rules given ſor negative 
qu 
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quantities, though ſuch a ſolution has no 
proper meaning. 
Beſides, it is to be obſerved, that, if the 
following queſtion be propoſed, * to find 
* three numbers in geometrical proportion, ſo 
* that the difference of the and ad may 
* be 10, and the ſum of the 2d and zamay 
* be 249 The equation in ſtep 6th will be 
produced : For, if the 1ſt be x, the 2d is 
2— 10, and the 3d 34—2, and therefore 
442z—2*=2*—202- 100, the very fame 
equation as in ſtep 4th. In this queſtion, it 


is plain that the root 25 only can be uſeful, 
and the three proportionals are 25, 15, 9. 
But the neceſſary limitations of ſuch a 
problem are properly to be derived from a 
general notation. Let the ſum of the two 
firſt proportionals be a, and the difference 
of the two laſt b, If à is not greater than 
b, the firſt term muſt be the leaſt ; but, if 
a be greater than 6, the firſt term may be 
either the greateſt or the leaſt. 

When the firſt term is the leaſt, the pro- 
per notation of the three terms is S, 2—, 


„5 


1 
] 


fore the roots are always poſſible. If the 


"caſes is the leaſt of the three terms, and 


( 336 þ 


a+b—2, and the equation, when ordered, 


1 AK * ==. If the firſt term be 
greateſt, ny then a is greater _ b, the 


notation of the terms is x, 4a—$, a—b—x, 


and the correſponding equation is 2 
3a—b WP 

8 
Of the firſt of theſe equations it may be 
obſerved, that, whatever be the value of a 


and 6, the ſquare of . viz. of half the 


2 
; a 
coefficient of 2, is greater than = and there- 


ſquare be completed, and the roots extraQ- 


ed, chey become —— +6 _ — 2, 
4 + 
et. 3a+dP—8a* But in this 


therefore à is greater than 22, or - is great- 


er than 25 much more chen! is EY greater 
4 


thank 2 nd therefore the 4 root only 
can 


oy 2 ef 
. th 
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. bo 3a +0 38 + Hf —8a 
admitted. and 2 = — 1 
can be admitted, 8 


is the only proper ſolution, 
In the _ equation, ſince a 18 greater 


than b, þ rg 3 muſt be always poſitive, and 


therefore the equation is neceſſarily of the 
third form. 5 1 the roots are La 


only chen is not leſs than _ thar, 
is, when a*Þ8* is not leſs than 6ab, or 
when 2—5 is not leſs than 2 Ya. When 
the roots are poſſible, z may be either great- 


er or leſs than > „ and hence each root 


giyes a proper ſolution : ' therefore, S= 


3 —1 E, 11 —8a?, 
4 


Ex. Let a==40, and b=6, The firſt 
term in this caſe may be aſſumed either as 
the greateſt or the leaſt. And, firſt, if-z be 
the greateſt, the roots of the equation will 
be poſſible, ſince (a:) 1636 is greater 
than (Gab) 1440. The two values of 2 
are 32 and 25, and the proportionals are 
either 32, 8, 2, or 25, 15, 9. 2dly, If x 

be 


1 

be aſſumed the leaſt of the Proportionals, 
the two roots of the equation are poſſible, 
but one of them only can be applied, which 
is 17.635 nearly, and the three proportion- 
als are 17.635, 22.305, and 28.365, nearly, 
the roots of the equation being incommen- 
ſurate. 


In like manner, may the limitations of 
the other queſtion above mentioned be al- 
certained. 


Though the preceding queſtions have 
been ſo contrived that the anſwers may be 
integers, yet in practice it will moſt com- 
monly happen that they muſt be ſurds, 
When in any queſtion the root of a num- 
ber which is not a perfect ſquare is to be 
extracted, it may be continued in decimals, 
by the common arithmetical rule, to any 
degree of accuracy which the nature of the 
fubj ) ect may require. 
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SCHOLIUM. 


An equation, in the terms of which two 
powers only of the unknown quantity are 
found, and ſuch that the index of the one 
is double that of the other, may, by the 
preceding rules, be reduced to a pure equa- 
tion, and therefore may be reſolved by 
Sect. I. of this Chapter. | : 


Such an equation may generally be re- 
preſented thus, 
* ar + b* 
Let &= E, then z*az = 6" 


And x"(=2) == +/+" 


Therefore x= a . 


EXAMPLE XV. 


To find two numbers, of which the product 
ic 100, and the difference of their ſquare 
root 3. 


Let 


Let the leſs be xv, 


the greater is | 
By queſtion —/x=}3 
ne | | E7 1 
Jlo—x=34/ x=3x" 
1 x | 
de +3x*=10 | 
A*. * 9 0 = 
Aga 1 4 


1 6þx® 4 3. ===-]_ and x*=2 or — 
%" 2 


55 


— 


=4 Or x25. 


If x=4 the other number is 25, and this 
is the proper ſolution, for & was ſuppoſed 
'to be the leaſt. In this caſe, indeed, the 
negative root of the equation being ap- 
plied, according to the rules for negative 
quantities, gives a poſitive anſwer to the 
queſtion, and if x 25, the other number 
is 4. e e Yn a fe 
The ſame would have been got, by ſub- 

ſtituting in the general theorem m=+, a=3, 

and 6% 10; or, if the leſs number had 

been called x*, the equation would not 
| have had fractional exponents. 


CHAP 
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of Indeterminate Problems. 


T was formerly obſerved, (Chap. III.) 

that if there are more unknown quan- 
tities in a queſtion, than equations by which 
their relations are expreſſed, it is indeter- 
mined; or it may admit of an infinite num- 
ber of anſwers, Other circumſtances, how- 
ever, may limit the number in a certain 
manner; and theſe are various, according 
to the nature of the problem. The con- 
trivances by which ſuch problems are re- 
ſolved are fo very different in different caſes, 
that they cannot be comprehended in gene- 


ral rules. 


2 EX 


1 


EXAMPLE I. 


To divide @ given ſquare number into two 
parts, each of which ſhall be a ſquare 


number. 


There are two quantities ſought in this 
queſtion, and there is only one equation 
expreſſing their relation; but it is required 
alſo, that they may be rational, which cir- 
cumſtance cannot be expreſſed by an equa- 
tion; another condition therefore muſt be 
aſſumed in ſuch a manner as to obtain a ſo- 
lution 1n rational numbers. 1 

Let the given ſquare be 42, let one of the 
ſquares ſought be x*, the other is ax? 
Let 7x—e alſo be a ſide of the laſt ſquare, 
therefore rx? —2rxaÞa*=a*%—x* 
By tranſp. r* rx 
Divide by «- Xx ＋ x =270 


| | ; 2ra 
Therefore K 


12 41 


277 
And rx=—a=—— 


1 I 
Let 7, therefore, bg aſſumed at pleaſure, 
| and 


170 
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214 1*—1 


A Fi 
rational, will be the ſides of the two ſquares 
n 


and , a, which muſt always be 


Thus, if a*=100. Then, if +=4, the 
ſides of the two ſquares are 6 and 8, for 
36+64=100. 


Allo, let a 6 Then if r=2, the ſides 


of the ſquares are 5 and = 75A and 255 FEE 
1600 6 
— 25 — 4. 


The reaſon of the aſſumption as x4 
as a ſide of the ſquare a*—x?, is that being 
| ſquared and put equal to this laſt, the 
equation manifeſtly will be ſimple, and the 
root of ſuch an equation is always rational. 


EXAMPLE II. 


. To find 4 PPS numbers * di eee. 
is given. 


N 5 Let 
(i 22 - a7 7 
SH 2 "Sn 


——— 


a 


—— — gn 


1 


i 
ö 

1 
* 
4 
4 
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4) 
Let x* and be the ſquare numbers, and 


4 their difference. 


Put 22 and =7 
2 2 


2 2 
S Tzzu u 
: , 4 4 - 
$*—22v+v*__ 2 
4 


20 =x%—p*=a, 
If x and y are required only to be ra- 


1 . » \ | Wy a 
tional, then take v at pleaſure, and 2 


whence x and y are known. 


But, if x and y are required to be whole 
numbers, Take for E and v any two fatto: 
that produce a, and are both even or both 
odd numbers, and this is pofſible only where 
a is either an odd number pop than 1, or 


a number div ifible by 4. Then - oh a — and =— 75 
are the numbers ſought. 


For the product of two odd numbers is 
odd, and that of two even mimbers is di- 
viſible by 4. Alſo, if à and v are both 
odd, 


7% 
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255 


2 


odd, or both even, - and —- — muſt be in- 


tegers. 

Ex. 1. If a=27 take v=1, then 2 = « 
27; and the ſquares are 196 and 169: or 
3 may be 9 and v=3, and then the ſquares 
are 36 and 9. 

2. If a=12, take v=2, and z=6; and 
the ſquares ate 16 and 4. 


EXAMPLE IL 


To find a ſum of money in pounds and ſbil- 
linge, whoſe half is juſt its reverſe. 


Note. The reverſe of a ſum of money, as 
81. 128. is 121. 88. 


Let x be the pounds and y the ſhillings, 
The fum required is 20x+y 
Its reverſe is - 2op+x 


r 7 1 
* II BT. *. WY 
= Ch 


; 20x + 
Therefore, = 209+ x 


20x +y=40y 2x f 

18x =39y | wo | 

a: 5 (39:18 :: ) 13 6. | ; 
In 
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In this equation there are two unknowi 
quantities ; and, in general, any two num- 
bers of which the proportion is that of 1; 
to 6, will agree to it. 

But, from the nature of the 8 13 
and 6 are the only two that can give the 
proper anſwer, viz. 131. 6s. for its reverſe 
G1. 13 s. is juſt its half. 

The ratio of x and y is expreſſed in the 
loweſt integral terms by 13 and 6; any o- 
ther expreſſion of it, as the next greater 26 
and 12, will not fatisfy the problem, a 
121. 26 8. is not a proper notation of mo- 
ney in pounds and ſhillings. 
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G H: AB. VAL: 


Demonſtration of Theorems by Algebra, 


LGEBRA may be employed for the 

_ demonſtration of Theorems, with 
regard to all thoſe quantities concerning 
which it may be uſed as an analyſis, and 
from the general method of notation and 
reaſoning, it poſſeſſes the ſame advantages 
in the'one as in the other. The three firſt 
ſections of this chapter contain ſome of the 
moſt ſimple properties of /eries which are 
of frequent uſe ; and the laſt, miſcellaneous 
examples of the properties of algebraical 
quantities and numbers. | 


＋ 


I, 


ven Oh =, F * 
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I. Of Arithmetical Series. 


Def. When a number of quantities in- 
creaſe or decreaſe by the ſame common dif. 
ference, they form an Arithmetical Series, 


Thus a, a+b, 2 Tab, at 3b, &c. x, x—, 
* 25, &c. 


Alſo, 1, 2, 3, 4, 5, 6, &c.; and 8, 6, 4.2 
Gc. 


Prop. In an arithmetical ſeries, the ſun 
of the firſt and laft terms is equal to the 
ſum of any two intermediate terms, equal 
diſtant from the extremes. 


Let the firſt term be a, the aſt x, and! 
the common difference; then a+6b will be 
the ſecond, and x—b the laſt but one, &i. 


Thus a, a 8 2425, a+36, 44 Ke. 
x, x—b, x—2b, x—3b, x— 46, &c. 


n 
— & 
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It is plain, that the terms in the ſame | £3 
perpendicular rank are equally diſtant fron 
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in it is a+x, the ſum of the firſt and laſt. 


Cor. 1. Hence the ſum of all the terms 
of an arithmetical ſeries is equal to the ſum 


there are terms. 
Therefore, if 1 be the number of terms, 


and q the ſum of the ſeries; 5 =a +x * =, 
If ago, then =. 


Cor. 2. The ſame notation being under- 
ſtood, ſince any term in the ſeries conſiſts 
of a, the firſt term, together with þ taken 
as often as the number of terms preceding 

it, it follows that x=a Til and 


hence s =2a+1—1'X , or . multi 
2an+ 1m b—nb 


the firſt term, the common difference, and 
number of terms being given, the ſum may 
be found, 

Ex. Required the ſum of 59 terms of 
the ſeries 2, 4, 6, 8, &c. 
* = 


the extremes, and that the ſum of any two 


of the firſt and laſt, taken half as often as 5 


plication, = I Therefon re, from 
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2X 2X50Þ+50* X 2—50X2 100 
2 — 2 5 =E=V=2550. 


Cor. 3. Of the firſt term, common dif. 
ference, ſum and number of terms, any 


three being given, the fourth may be found 
by reſolving the preceding equation; a, ö, 
s, and n being ſucceſſively conſidered as the 
unknown quantity. In the three firſt caſe 
the equation is ſimple, and in the laſt it i; 
quadratic, 


Ma jd }| © Hs 


II. Of Geometrical Series. 


Def. When a number of quantities in- 
creaſe by the ſame multiplier, or decreaſe 
by the ſame diviſor, they form a Geometri- 
cal Series, This common multiplier or di- 
viſor is called the common ratio. 


| 2 a a 
2 — — — 
Thus a, ar, ar, &c. a, , As, &. 


1, 2, 4, 8, &c. 


Prop. I. The product of the extremes 
in a geometrical ſeries is equal to the pro- 
duct 


. 
duct of any two terms, equally diſtant from 
the extremes. | 


Let @ be the firſt term, y the laſt, 7 the 
common ratio; then the ſeries is, 


a, ar, arꝰ, ar, ar*, &c. 
I, _ 2 BY _ &c. 
It is obvious that any term in the upper 


as that below it from the end; and the 


product of any two ſuch is equal to aq; the 
product of the firſt and laſt. 


Prop. II. The ſum of a geometrical ſeries 
wanting the firſt term, is equal to the ſum 
of all but the laſt term, multiplied by the 


common ratio. 


* 


For, aſſuming the preceding notation of 
a ſeries, it is plain that 


ar Car, &.. +Z+=>+=+5= 


=r X Har ar, &c. +=2+= +=+= 


rank is equally diſtant from the beginning, 


Cor. 


n 
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Cor. 1. Therefore « being the ſam of the 
ſeries, 


* 


Hence s can be found from a, 5, and 7; 


and any three of the four being given, the 
fourth may be found. 


Cor. 2. Since the exponent of r in any i 
term is equal to the number of terms pre- 
ceding it; hence, in the laſt term, its expo- 
nent will be »—1 ; the laſt term, therefore 


MO Ar—a 1—1 
a 8 Hence of 


1 
of theſe four, 5, a, r, u, any three being 
given, the fourth may be found by the ſo- 
lution of equations. If 2 is not a ſmal! 
number, the caſes of this problem will be 
moſt conveniently ſolved by logarithms; 
and of ſuch ſolutions there are exainples in 
the Appendix to this part. | 


Cor. 3. If the ſeries decreaſes, and the 
number of terms is infinite, then according 
to this notation, a, the leaſt term, will be o, 


and s — a finite ſum, 


Ex, 


x. 
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Ex. Required the ſum of the ſeries i, 
+, +, +, &c. to infinity. ä 

Here y=1, and 2. Therefore s= 
— 8 
2—1 

What are called in arithmetic, repeating 
and circulating decimals, are truly geome- 
trical decreaſing ſerieſes, and therefore may 
be ſummed by this rule, 


Thus. 333, &c. 85 2+ &c. is a ge- 


ometrical ſeries in which y== and r=10, 
; I 


yr — 3x10 _ —1 


therefore 12 — i 
é IOX 1 3 


5 Thus alſo 2424, &c. == for here y= 


2 100 
2 and ioo, therefore 1 18 
100 IoO X 100—1 
8 | - 
99 33 


III. Of Infinite Series. 


It was obſerved, (Chap. I. and IV.) that 


in many caſes, if the diviſion and evolution 
of compound quantities be actually per- 
formed, 


ee e 


eee 


run 925 
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formed, the quotients and roots can only 
be expreſſed by the ſeries of terms, which 
may be continued d infinitum. By com- 
paring a few of the firſt terms, the law of 
the progreſſion of ſuch a ſeries will fre- 
quently be diſcovered, by which, it may be 
continued without any further operation, 
When this cannot be done, the work is 
much facilitated by ſeveral methods; the 
chief of which is that by the b:nomzal theo- 


rem. 


Theorem. 


Any binomial (as a) may be raiſed to 
any power (m) by the following rules. 


1. From inſpecting a table of the powers 
of a binomial obtained by multiplication, it 
appears that the terms, without their coeffi- 


m 5 —1 


m—2 m—3 
cients are a, 4 b, a , a 5, &c. 


2. The coefficients of theſe terms will be | 
found by the following rule. W 11 
Divide il 


1 
Divide the exponent of a in any term by the 
exponent of b increaſed by 1, and the quo- 
tient multiplied by the coefficient of that 
term will give the coefficient of the next 
following term. | 


This rule is found, upon trial in the table 
of powers, to hold univerſally, The coef- 
ficient of the firſt term is always 1; and by 
applying the general rule now propoſed, 
the coefficients of the terms in order will be 
=I „ 


e 


&c. They may be more conveniently ex- 


as follows, 1, m, mX 


preſſed thus, 1, Am, BN c, 


the capitals denoting the 


preceding coefficient. Hence PFI“ =Y + 
Ama”—'b+B R b*+G x 


TIC &c. mia! is the celebrated 3 
al theorem. It is deduced here by induc- 
tion only, but it may be rigidly demon- 
ſtrated, though upon principles which do 
not belong to this place. 


Cor. 


yes , 
4 ty * * 
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Cor. 1. As m may denote any number 
= integral or fractional, poſitive or negative; 
| hence the diviſion, involution and evolution 
1 of a binomial, may be performed by this 
theorem. 


| . Let. 8=xy, then 555 =a*+ 

, 44 644 X—_ Xa 3624, &c. This 
being applied to the extraction of the ſquare 
root of a*+x* (by inſerting a* for a and x 
for 6) the ſame ſeries reſults as formerly, 
(Chap. IV.). 
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Ex..9: If —= is to be turned into an i 

- . 0 v* | — n 
infinite ſeries, ſince — =1 X 1H lk 1 
a=1, b=—r, and m=—1; and the ſame ri 
ſeries will ariſe as was obtained by diviſion, te 
(Chap. I.). al 
15 

In lik — 8. 
n like manner, T—==z=1" Ca WW - 


may be exprefled by an infinite ſeries, ſup ; | 
poſing a=2r72, b=—#?, and = —5, anti 
then multiplying that ſeries by 7*. 

Cor. 


( 137 ) 

Cor. 2. This theorem is uſeful alſo in 
diſcovering the law of an infinite ſerles, 
produced by diviſion or evolution. Thus, 
the ſeries expreſſing the ſquare root of a 
x*, conſiſts of a, together with a ſeries of 
fractions, in the numerators of which are 
the even powers of x, and in the denomi- 
nators the odd powers of a, The nume- 
ral coefficients of the terms of the whole 
ſeries, as deduced by the theorem, will be : 


12 ITS Wes 2.2. I'X1.3 g 
1 T 2 X * 2. 2X 1.2 2. 2. 2 & 1.2.3 


I X I. 3.5 i 5 
T2 K 1.2575, &c. the point being uſed (as 


it often is) to expreſs the product of the 
numbers between which it is placed. The 
law of continuation is obvious, and the ſe- 
ties may be carried on to any number of 


terms, without uſing the theorem. Hence 


alſo the coefficient of the nth term is 


IX 1.3.5 &c. . . (N-—2 terms) = | 
Fo ; and it is +, if 
2 X1.2. 3. 4 &c. (—1) $ . 


is an even number, and —, if is odd. 


Note. If the hinomial is a+b, the ſigns 
of the terms of any power are all poſitive : 
If it is a—S, the alternate terms are nega- 


8 tive, 
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tive; beginning at the ſecond. This theo- 
rem may be applied to quantities which 
conſiſt of more than two parts, by ſuppo- 
ſing them diſtinguiſhed into two, and then 
ſubſtituting for the powers of theſe com. 


pound parts, their values, to be obtained 
alſo, if reguired, from the theorem. Thus, 
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An infinite ſeries may itſelf be multiplied 
or divided by another; it may be involved 
or evolved, and various other operation i 
may be performed upon it which are ne- 
ceſſary in the higher parts of algebra. The 
methods for finding the ſum depend upon 
other principles. 


IV. Properties of Numbers. 


 THEOR. I. The ſum of two quantities g 
multiplied by their difference is equal to th | 
difference of their ſquares, 


Let 


139 


Let the quantities be repreſented by a 
and b, then a- = a-“, as ap- 
pears by performing the operation. 


Cor. If a and ô be any two quantities 
of which the ſum may be denoted by s, the 
difference by d, and their product by 2, 
then the following propoſitions will be true. 


1. * +b*=5*—2þp. 2. a*—b*:==5d. 
3. 6 +b=53—3p5. 4. a- -s. 
Fr a#—bi=3d—25dp, &c, 


It is unneceflary to expreſs theſe propo- 
ſitions in words, and the demonſtrations 
are very eaſy, by raiſing a+b to certain 
powers, and making proper ſubſtitutions. 


TnzoR. II. The ſum of any number 
of terms (2) of the odd numbers 1, 3, 5, 


&c. beginning with 1, is equal to the ſquare 
of that number (#). 


es 
In the rule for ſumming an arithmetical 
ſeries, let a=1,b=2,and »=7, and the ſum 


of 
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3 : 2anþn*b—nb 2n* 
of this ſeries will be e 


2 
Q. E. D. 
Tuzok. III. The difference of any two 


ſquare numbers is equal to the ſum of the 
two roots, together with twice the ſum of 
the numbers in the natural ſcale between 
the two roots. | 

| Let the one number be 5, and the other 
pu, the intermediate numbers are +1, 
þ+2, . . . &c. p+n—1. The difference 
of the ſquares of the given numbers i; 
2þn+n*; the ſum of the two roots is 2p+1, 
and twice the ſum of the ſeries p+1+p+2 
3 5 is (by Cor. 1. 1ſt ſect. of 
this chap.) 2 N, viz. the ſum 
of the firſt and laſt multiplied by the num- 
ber of terms, and it is plain that 2þ ++ 


 2þ+nxn—1=2þn+n*, Therefore, &c. 


Len. 1. Let r be any number, and n 
any integer, 7 —1 is diviſible by y—1. 


The quotient will ber + 4s &c. till 


the index of 7 be o, and then the laſt term 
F F 
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of it will be 1; for, if this ſeries be multi- 
plied by the diviſor — , it will produce 


the dividend—1. It will appear alſo by 


performing the diviſion, and inſerting for 2 
any number, 


LEM. 2. Let er be any number, and 72 


any integer odd number, is diviſible 


by r+1. Alfo, if u is any even number, 


I is diviſible by r +1. 


The quotient in both caſes is #*—'—-*—* 
+*—?, &c. till the exponent of » be o, 
and the laſt term =I. If this ſeries con- 
fiſt of an odd number of terms, and be 
multiplied by r 1 the diviſor, the product 
is *I the dividend. If the ſeries con- 
ſiſt of an even number of terms, the pro- 
duct is ; but it is plain that the num- 
ber of terms will be odd only when » is 
odd, and even only when » is even. The 


WW concluſion will be manifeſt by performing 


the diviſion. 


Lem. 3. If r is the root of an arithme- 
tical ſcale, any number in that ſcale may be 
repreſented in the following manner, a, J, c, 
&c. 


- r = Ps ae __ l — AE, Yr © ne tf "Art. LS Ft av”; 


\ , Wcae 2 
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&c. being the coefficients or digits, a+6bx 
+*+dr ter“, &c. 


TrxoR. IV. If from any number in 
the general ſcale now deſcribed, the ſum of 
its digits be ſubtracted, the remainder is 
diviſible by 7—1, 


The number is a+br+cr* + ard, &c, 
and the ſum of the digits is a4+b+c+4, 
&c. Subtracting the latter from the for- 
mer, the remainder is -b cr -c -d 
—d,&c.=bxr—1+cxr—1+dXr—! 
&c. But (by Lem. 1.) -"—1 is diviſible by 
7—1, whatever integer umber may be, 
and therefore any multiple r*—1 is alſo 
diviſible by 7—1. Hence each of the 
terms, Uk, cXr*—1, &c. is diviſible 
by 7—1 : and therefore the whole is divi- 
ſible by . 


Con. I. Any number, the ſum of whoſe 
digits is diviſible by —1, is itſelf diviſible 
by 7—1. Let the number be called NM, and 
the ſum of the digits D; then, by this Prop. 
N is diviſible by y—1, and D is ſup- 
poſed 
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poſed-to be diviſible by —1 , therefore it 
is plain that N muſt alſo be diviſible by 


I. 


Cor. 2. Any number, the ſum of whoſe 
digits is diviſible by an aliquot part of — 1, 
is alſo diviſible by that aliquot part. For, 
let N and D denote as before; and fince 
N—D (Theor. 4.) is diviſible by 7—1, it 
is alſo diviſible by an aliquot part of r—1; 
but D is diviſible by an aliquot part of — 1, 
therefore N is alſo diviſible by that aliquot 
part. 


Cor. 3. This theorem, with the corolla- 
ries, relates to any ſcale whatever. It in- 
cludes therefore the well known property 
of 9, and of 3 its aliquot part, in the deci- 
mal ſcale; for, fince r=10, —1 9. | 


Tnzok. V. In any number, if from the 
ſum of the coefficients of the odd powers of 
r, the ſum of the coefficients of the even 
powers be ſubtracted, and the remainder 
added to the number itſelf, the ſum wall be 
diviſible by 7 +1. 


In 


* w 
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In the number a4+br+irf +dr Ter. 
, &c. the ſum of the coefficients of the odd 
powers of 7 is , &c. the ſum of 
the coefficients of the even powers of 7 i; 
a ee, &c. If the latter ſum be ſubtraQ-. 
ed from the former, and the remainder add- 
ed to the given number, it makes r 
cr tir +d+er*i—e+ f/f +f,&c. x 
PIT iN PIT e F—1 
Fi, &c. But (by Lem 2,)r+1,7*—1, 
1 ＋1, &c. are each diviſible by r+ 1, and 
therefore any multiples of them are alſo di- 
viſible by 7+ 1, hence the whole number 
is diviſible by r+ 1. 

Cor. 1. If the difference of the ſum of 
the even digits, and the ſum of the odd di- 
gits of any number be diviſible by 21, 
the number itſelf is diviſible by 7 +1. 

Let the ſum of the even digits, (that is, 
the coefficients of the odd powers of 7) be 
D, the ſum of the odd digits be 4, and let 
the number be N. Then, by the theorem, 
NA D- is divifible by +1, and it is 
ſuppoſed that D—7 is diviſible by 7 +1; 
\ | therefore Mis divilible by 1. 
| | Cor. 
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Cor. 2. In like manner, if D—d is divi- 
ſible by an aliquot part of 7+ 1, N will be 
diviſible by that aliquot part. 

Cor. 3. If a number want all the odd 
powers of , or if it want all the even 
powers of r, and if the ſum of its digits be 
diviſible by r+1, that number is diviſible 
by r +1. | 


Cor. 4. In the common ſcale rþ1=11, 
which therefore will have the properties 


mentioned in this theorem, and the corol- 
laries. Thus, in the number 64834, the 
ſum of the even digits is 7, the ſum of the 
odd digits is 18, and the difference is 11, a 
number diviſible by 11, the given number 
therefore (Cor. 1.) is diviſible by 11. Thus 
alſo, the ſum of the digits of 7040308 is 
diviſible by 11, and therefore the number 
is diviſible by 11. (Cor. z.). | 


SCHOLIUM. 


| Theſe theorems relate to any ſcale what- 
ever, and therefore the properties of ——1 


( \ 


in Theor. 4. would in a ſcale of eight be- 
long to ſeven, and thoſe in Theor. 5. to 


nine. If twelve was the root of the ſcale, 
the former properties would belong to 
eleven, and the latter to thirteen. 
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KP N ND 
T O 
PART 1 


LGEBRA may be employed in ex- 

preſſing the relations of magnitude 
in general, and in reaſoning with regard to 
them. It may be uſed in deducing not on- 
ly the relations of number, but allo thoſe 
of extenſion, and hence thoſe of every ſpe- 
cies of quantity expreſſible by numbers or 
extended magnitudes. In this Appendix 
are mentioned ſome examples of its appli- 
cation to other parts of mathematics, to 
phyſics, and to the practical calculations of 
buſineſs. The principles and ſuppoſitions 
peculiar to theſe ſubjects, which are neceſ- 
ſary in directing both the algebraical ope- 
rations, and the concluſions to be drawn 
from them, are here aſſumed as juſt and 
proper, pk | | 


L 


- 


( t4# 
1 


Algebra has been ſucceſsfully: applied to 
almoſt every branch of mathematics; and 


the principles of theſe branches are often 
advantageouſly introduced into algebraical 
calculations. 

The application of it to geometry has been 
the ſource of great improvements in both 
theſe ſciences. On account of its extent 
and importance, it is here omitted, and the 
principles of it are more particularly ex- 
plained-in the third part of theſe elemetits 
In this place ſhall be given an example 
of the uſe of logarithms in reſolving alge- 
braical queſtions. , 

Note. When logarithms. are ufed, let ( 
denote the logarithm of any quantity before 
which. it is placed. | 
Ex. To find the number of terms of a, geomt- 

trical ſeries, of which the ſum is 5,11, the 
' » firſt term 1, and the common ratio. 2. 

From Sect. 2. Chap. 6. it appears that 


88 


, and in this problem, 5, r, and - 


Ale 
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are given, and u is to be found. By redu- 
Xx L— i +a, 


and from 


cing the equation, = — 
the known property of logarithms NI 
— DNT 14 


{x xr—1I+a—la, and n= —_ 


But here = 511, a =I, ra, and a= 


— — — 93 


8 22 2092700. 
h La o. 30 10300 


In like manner, may any ſuch equation 
be reſolved, when the only unknown quan- 
tity is an exponent, and when it is the ex- 
ponent only of one quantity. 

Ex. 2. An equation oi the following 
quadratic form a*= be c may be re- 


chap. 5. ax ===b& 4/6 . And then x 
is diſcovered in the ſame manner as in the 
preceding example. Thus, let a=2, b=10, 
and-c=9g6,, and the equation 2*—20 x 2* 
=—96: iſt, 2 10K vV4=12 or 8. If 


2*=8, then x= (8: , and. 20K 


—96 is a true equation. If 25 1a, then 
LT — {0791812 


WT HOO (nn; 5849, andthis num- 


o. 3010300 


are 


ſolved by logarithms. 1ſt, By ſcholium of 


ber 


n 
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ber being inſerted for x in the given equa- 
tion, by means of logarithms, | will anſwer 


the conditions. 
Ex. 3. The ſum of 2000 l. has been out 


at intereſt for a certain time, and 5001, 
has been at intereſt double of that time, the 
whole arrear now due, reckoning 4 per cent, 
compound intereſt, is 60001. What were 
the times ?. 45 a 

| By the rules in the third part of this ap- 
pendix for compound intereſt, it is plain 
that if R=1,04, and the time at which the 
2000 J. is at intereſt be x, the arrear of it 
will be 2000. x R*. The arrear of the 
500 l. is 500 x R, hence 500 * R* + 2000 
X R*=6000. This reſolved gives R*=2, 


and =17.67 +, nearly, that Is, 17 


years and p months nearly, and the double 
is 35 years and 4 months; which . 
the conditions. 


II. Application of Algebra to Phyj, Mp 
Phyſical quantities which can be divided 


into parts that have proportions to each 


other, the ſame as the proportions of lines 
| to 


o Y Y % bc at Se oo er Q 


r „„ 


ni 


to lines, or of numbers to numbers, may 
be expreſſed by lines and numbers, and 
therefore by algebraical quantities. Hence 
theſe mathematical notations may be con- 
ſidered as the meaſures of ſuch phyſical 
quantities; they may be reaſoned upon ac- 
cording to. the principles of algebra, and 
from ſuch reaſonings, new relations of the 
quantities which they repreſent, wy" be 
diſcovered. 

In thoſe branches of natural ohilofoplly, 
therefore, i in which the circumſtances of the 
phenomena can be properly expreſſed by 
numbers, or geometrical magnitudes, alge- 
bra may be employed, both in promoting 
the inveſtigation of phyſical laws by expe- 


rience, and alſo in deducing the neceſſary HY, 


conſequences of laws inveſtigated, and pre- 
ſumed to be juſt. 

It is to be obſerved likewiſe, that if va- 
rious hypotheſes be aſſumed, concerning 
phyſical quantities, without regard to what 


takes place in nature, their conſequences 
may be demonſtratively deduced; and thus 
a ſcience may be eſtabliſhed, which may 
be properly called mathematical. The uſe of 

algebra 
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algebra in this ſcience, which is ſometime, 
called Theoretical Mechamcs, is obvious 
from the principles already laid down. 

In conducting theſe inquiries, it is to be 
obſerved, that, for the ſake of brevity, the 
language of algebraical operations is often 
uſed, with regard to phyſical quantities 
themſelves; though it is always to be un- 
derſtood, that, in ſtrict propriety, it can be 
applied only to the mathematical notation; 
of theſe quantities. 

Before illuſtrating this den of al. 
gebra by examples, it may be proper to ex- 
plain a method of ſtating the proportion of 
variable quantities, and reaſoning with re- 
gard to it; which is of general uſe in ns 
tural philoſophy. 5 4 


1. Of the Proportion of Variable Quaniitit:, 


Mathematical quantities are often ſo con- 
nected, that when the magnitude of one i: 
varied, the magnitudes of the others ar 
varied, according to a determined rule. 
Thus if two ſtraight lines, _—_ in poſ- 


tion 
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tion; interſect each other; and, if a ſtraight 
line, cutting both, moves parallel to itſelf, 
the two ſegments of the given lines between 
their interſection, and the moving line, 
however varied, will always have the ſame 
proportion. Thus alſo, if an ordinate to 
the diameter of a parabola move parallel to 
itſelf, the abſciſs will be increaſed or dimi- 
niſhed,, in proportion as the ſquare of the 
ordinate is increaſed or diminithed, 

In like manner may algebraical quanti- 
ties be connected. If x, y, ⁊, &c. repreſent 
any variable quantities, while 2, þ, c, repre- 
ſent ſuch as are conſtant or invariable, then 
an equation containing two or more vari- 


ſtant quantities, will exhibit a relation of 
variable quantities, ſimilar to thoſe already 
mentioned. Thus, if ax , then x: :, 
that is, æ has a conſtant proportion to y, in 


on- whatever way theſe two quantities may be 
e 1s varied, Likewiſe, if xy*=9%, then *: a* 
are 11 SY A 

: G: x, or 52: :: a*;—, that is, 52 has 

* . 6 306 wx” a 
ule, . 9 x BOT To / *S 


conſtant proportion to the reciprocal of x, 
or * is increaſed in the ſame proportion as 
VU : x 
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able quantities, with any number of con- 
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x is diminiſhed, and converſely. It is ne- 
ceſſary to premiſe the following definitions, 


DEFINITIONS. 


Let there be any number of variable 
quantities X, Y, Z, V, &c. connected in ſuch 
a manner, that, when X becomes x, I, 7, 
, &c. become reſpectively y, S, v, Cc. 
And let a, 6, c, &c. repreſent any conſtant 
quantities, whether given or- unknown, 
Then, 

1. If two variable quantities X and Fare 
ſo connected, that, whatever be the value 
of x and y, A: x :: F:, this proportion i 
expreſſed thus, X=Y, and X is faid to be 
| direfly as J, or ſhortly, X is ſaid to be 471. 
2. If two variable quantities X and Y are 
ſo connected, that X: &: : : T, or X: x: 


1 1 . . Ci 
5: =; their relation is thus expreſſed, 


4. 


AS =p and & is ſaid to be ee. or 


reciprocally as V. 

3. If X. IJ, , are three variable quanti 
ties, lo connected that X: x :: LZ: , thell 
relation 


1 it. — — ft _ 


1-1 
relation is ſo expreſſed, X= YZ, and X is 
ſaid to be directly as Y and 2, jointly ; or 
: XY is ſaid to be as Y and Z. 
4 If any number of variable quantities 
as X, Y, Z, V, &c. are ſo connected, that 


e XY: xy :: YZ ys, then *. and XY 


is ſaid to be direfly as VA, and inverſely as 
V, or more explicitly, X and Y jointly, are di- 
rectly as Y and Z jointly, and inverſely as V. 

In like manner are other combinations of 
variable qualities denoted and expreſſed. 

It is to be obſerved alſo, the ſame defi- 
nitions take place, when the variable quan- 
tities are multiplied or divided by any 
W conſtant og Thus, if aX : ax :: 

3 4 7 
T 7 

5. Let the preceding notation of propor- 
tion be called a Proportional equation , *, the 

| equa- 
Theſe terms are uſed. * with a view to give 
more preciſion to the ideas of beginners. In order to 


avoid the ambiguity in the meaning of the ſign =, 
ſome writers employ the character & to denote conſtant 
proportion; but this is ſeldom neceſſary, as the quan- 
tities compared are generally of different kinds, and the 
relation expreſſed is ſufficiently obvious. See Emer- 
= 8 e, Vol. I. 
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equations formerly treated of being in this 
place, for the ſake of diſtinction, called ab- 
Holule. 

Cor. Every abſolute equation, contain- 
ing more than one variable quantity, may 
be conſidered as a proportional equation; 
and, in a proportional equation, if at any 
particular correſponding values of the vari- 

able quantities, the equation becomes abſo- 
lute, it will be univerſally abſolute. 

Prop. I. If one fide of a proportional 
equation he either multiplied or divided by 
any conſtant quantity, it will 2 to be 


true. Tann if X th then X. For, ſince 


17 
xa (Def 3} Turn 1 =, it follow 
kat NT 

2 2 
(Chap. 2.), that X: * 1: : =, therefore 
bY by 


ab WW 


PRO. 2: If the two ſides of a propor- 
tional equation be both multiplied, or both 
divided by the. ſame nen it will con- 
tinue to be true. 

1}, If the quantity be tant it is m 
nifeſt from Prop. 1. 
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24, If the quantity be variable, let X = 
V, and Z a variable quantity, then XZ = 
Y. For, ſince X, (Def. 2.) A: *:: FT: 
a multiply the antecedents by Z, and the 
ö conſequents by 2, then A: x:: LZ: ys, 


therefore (Def. 5.) XZ=1Z. In like 


3 
manner, if X=Y, 2 EF. 


1 
4 


Cox. Any vatlable quantity, which is a 


factor of one ſide of a proportional equa- 
tion, may be made to ſtand alone. Thus, 


if x, then X= a alſo, Z Try, 
and Y= EN and alſo / = 2 Kc. Hence, 
alſo, if one ſide of a proportional equation 
be divided by the other, the quotient is a 
conſtant quantity, viz. 1. 

ProP. 3. If two proportional equations 
have a common fide, the remaining two 
ſides will form a proportional equation. 
Alſo, that common fide will be as the ſum 

or difference of the other two. 


For X:x:Y:y,andY: :: Z: 8, there- 
fore multiplying theſe ratios, XY : xy T 


Thus, if X= S, and HA, then KZ. 
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: y2, and by dividing antecedents and con- 
ſequents, X: x::Z: &, ee 335 1.) 
T=Z. 

' Likewiſe, if XH, and Y=Z, Y= HET. 
For, ſince X: * 1: T: 5 Z: 2. (Chap. 2.) 
Ty n AKI: x, therefore Vo 5.) 
EXE. 

Cor. Hence one ſide of a ol 
equation will be as the ſum, or as the dif- 
ference of the two ſides; and the ſum of the 
two fides will be as their difference. Thus, 
if XF, then X=X+Y+Z and 
XX I-, and allo X+Y +Z = X—T 
| PROP. 4. If the two ſides of a propor- 
tional equation be reſpeQively multiplied 
of divided by the two fides of any other 
proportional equation, the products or quo- 
tients will form a proportional equation. 

Thus, if X=Y, and Z , then XZ—YT. 

For, ſince A : & :: T: q, and Z: 2 . UV: v, by 
multiplying theſe proportions (Chap. 1. 2.) 
* XZ: x2::YV :yv, therefore (Def. 5.) X 
TV. In like manner in the caſe of diviſion. 
+ Cor. 1. The two ſides of a proportional 
equation may be raiſed to any power, or, 
| any 
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any root may be extracted out of both, and 
the equation will continue to be true. 
Thus, if XT, then X=, for, ſince 
X=Y, X * 1 F: 9, and gheretore A*: * 
: *: *; therefore N And, if 


X=Y, alſo X" =". 

Cor. 2 If two proportional equations 
have a common fide, that fide will be as 
the ſquare root of the product of the other 
two. Thus, if XT, and T=, by this 
prop. Y*=XZ, and (Cor. 1.) T= NZ. 
Hence alſo, in this caſe, VXZ=X XZ; 
for (prop. 3.) Y=X=+Z. 

Cor. 3. If one fide of a „ 
equation be a factor of a ſide of another pro- 
portional equation, the remaining ſide of 
the former may be inſerted in the latter, in 
place of that factor. Thus, if X=ZY, and 


FUE F. then X = as appears by multi- 
plying the two equations, and dividing by 
Z. | | 

PRop. 5. Any proportional equation may 
be made abſolute, by multiply ing one ſide 
by a conſtant quantity. 


Thus, | 


1 


Thus, if X * then let two particular 
correſponding values of theſe variable quan- 
tities be aſſumed as conſtant, and let them 
be a and b, then, X 4 z 11 b, and Xb=al, 


or X=Y x5; an abſolute equation. 


nen 


| "* If there be two variable phyſical quan: 
tities, either of the ſame, or of different 
kinds, which are ſo connected, that, when 
the one 1s increaſed or diminiſhed, the other 
js increaſed or diminiſhed in the ſame pro- 
portion ; or, if the magnitudes of the one, 
in auy two ſituations, have the ſame, ratio 
to each other, as the magnitudes of the o- 
ther in the correſponding ſituations, the re. 
lation ot the mathematical meaſures of theſe 
quantities may be expreſſed by a propor- 
tional equation, according to Def. 1. 

2. If two variable phyſical quantities be 
ſo connected, that the one increaſes in the 
ſame proportion as the other is diminiſhed, 
and converſely ; or, if the magnitudes of the 
one, in any two ſituations, be reciprocally 


proportioned to the magnitudes of the other, | 


in 
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in the correſponding ſituations, the relation 
of their meaſtires may be expreſſed by a 


proportional equation, according to Def. 2. 
3. If three vatiable phyſical quantities are 
ſo connected, that one of them is increaſed 
or diminiſhed, in proportion as both the 
others are increaſed or diminiſhed ; or, if 
the magnitudes of one of them in any two 
ſituations, have a ratio, which is com- 
pounded of the ratios of the magnitudes of 
the other two, in the correſponding ſitua- 
tions ; the relation of the meaſures of theſe 
three may be expreſſed by a Proportional 
equation, according to Def. 3. Ts 
4. In like manner may the relations of 
other combinations of phyſical quantities 
be expreſſed, according to Def. 4. And 
when theſe proportional equations are ob- 
tained, by reaſoning with regard to them, 
according to the preceding propoſitions, 
new relations of the phyſical quantities may 
be deduced. 


2. Examples of Ph of real Problems. 


The uſe of algebra, in natural philoſo- 
phy, may be properly illuſtrated by ſome 
; X examples 
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examples of phyſical problems. The ſolu- 
tion of ſuch problems muſt be derived from 
known phyſical laws, which, though ulti- 
mately founded on experience, are here al. 
ſumed as principles, and reaſoned upon ma- 
thematically, The experiments by which 
the principles are aſcertained admit of ya- 
rious degrees of accuracy; and on the de- 
gree of phyſical accuracy in the principle 
will depend the phyſical accuracy of the 
concluſions mathematically deduced from 
them. If the principles are inaccurate, the 
p concluſions muſt, in like manner, be innac- 
curate; and, if the limits of inaccuracy in 
the principles can be aſcertained, the corre- 
ſponding limits, in the concluſions derived 
from them, may likewiſe be calculated. 


1 X AMPLE I. | 
Let a glaſs tube, 30 inches (a) long, be filled 


with mercury, excepting 8 inches (b); 
and let it be inverted, as in the Torricel- 
lian experiment, ſo that the 8 inches of 
common air may riſe to the top : It is re- 

' guired to find at what height the mercury 
weill remain ſu pended, the mercury in the 


barometer 
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barometer being at that time 28 inches (d) 

high. 

The ſolution of this problem depends 
upon the following principles : 

1. The preſſure of the atmoſphere is 
meaſured by the column of mercury in the 
barometer ; and the elaſtic force of the air, 
in its natural ſtate, which reſiſts this preſ- 
ſure, is therefore meaſured by the fame co- 
lumn. 

2. In different ſtates, the elaſtic force of 
the air is reciprocally as the ſpaces which it 
occupies... | 

3- In this experiment, the mercury 
which remains ſuſpended in the tube, to- 
gether with the elaſtic force of the air in 
the top of it, being a counterbalance to the 
preſſure of the atmoſphere, may therefore 
be expreſſed by the column of mercury in 
the barometer. 

Let the mercury in the tube be x inches, 
the air in the top of it occupies now the 
ſpace a—x ; it occupied formerly 5 inches, 
and its elaſtic force was 4 inches of mer- 
eury: Now, therefore, the force muſt be 

| (a — 
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bd . 
(ax: b:: d: 72 inches (2.). Therefore 


(63. x T — This reduced, and put- 


ting a+d=2m, the equation is x*—2mx 
=bd—ad. _ | 
This reſolved gives x m \/m*+bd—ad. 
In numbers - - x=44 or 14. 
One of the roots 44 is plainly excluded in 
this caſe, and the other 14. is the true an- 
ſwer. If the column of mercury x, ſuſpend- 
ed in the tube, were a counterbalance to the 
preſſure of the atmoſphere, exprefled by the 
height of the barometer d, together with 
the meaſure of the elaſtic force of 6 inches 
of common air in the ſpace x—a, that is, 


if e=d+ 2, or —.— Sd, the equa- 


tion will be the ſame as before, and the 
root 44 would be the true anſwer. But 
the experiment in this queſtion does not 
admit of ſuch a ſuppoſition. 
EXAMPLE II. 
The diftance of the earth and moon (d,) and 
their .quantities of matter (t, I,) being gi- 
ven, to find the. point of equal altraclion 
_ between them, | 
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Let the diſtance of the point from the 
earth be x, its diſtance from the moon will 
be therefore 4—x, But gravitation is as 
the matter dire#ly, and as the ſquare of the 
diſtance inverſely; therefore the earth's at- 


. * 1 * 
traction is 4; and the moon's. attrac- 


[ 
tion is as fe. But theſe are here equal; 


therefore, 
ft 1 6 


*. nN and x» =d-—2 | 
1 AVV. 
This equation reduced gives x . 


Or mult. numerator and de- _ 44—dyu/ 


nominator by t — J. \ 2 t—I 


In round numbers, let 4=60 ſemidiame- 
ters of the earth, = 40, /==1, then x=52 
ſemidiameters nearly. There is another 
point beyond the moon at which the attrac- 
tions are equal, and it would be found by 
putting the ſquare root of f to be x—d, 
which, in this caſe, would be a poſitive 


quantity; and then ue 72 near- 
ly. If the quantities had been multiplied 
before 
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before extracting the ſquare roots, the ad- 
fected quadratic would have given the 
ſame two roots. 


EXAMPLE II. 


Let a flone be dropt into an empty pit; and 
let the time from the dropping of it to the 
hearing the ſound from the bottom be gi- 
ven: To find the depth of the pit. 


Let the given time be 2; let the fall of 
a heavy body in the 1ſt ſecond of time 
(16.122 feet) be b; alſo, let the motion of 
ſound in a ſecond (1142 feet) be c. 


Let the time of the ſtone's fall be 

The time in which the ſound of it | 
moves to the top is 2 4—x 

The deſcent of a falling body i 
as the ſquare of the time, there 
fore the depth of the pit is Ii 
Ks, ah 3 | 


The depth from the motion of 
ſound is alſo | A'ca—csx 
Therefore 3 and 4 Sl x ca- 


This equation being reſolved, gives the 
value of x, and from it may be got bx or 


ca. ex, the depth of the pit. 
| | If 


- 
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If the time is 10”, then x=8.885 near- 
ly, and the depth is 1273 feet. 

There are ſeveral circumſtances in this 
problem which render the concluſion inac- 
curate, 

I. The values of c and b, on which the 
ſolution is founded, are derived from expe- 
riments, which are ſubject to conſiderable 
inaccuracies. | 

2. The reſiſtance of the air has a great 
effect in retarding the deſcent of heavy bo- 
dies, when the velocity becomes ſo great as 
is ſuppoſed in this queſtion; and this cir- 
cumſtance is not regarded in the ſolution. 

3. A ſmall error, in making the experi- 
ment to which this queſtion relates, produ- 
ces a great error in the concluſion. This 
circumſtance is particularly to be attended 
to in all phyſical problems; and, in the 
preſent caſe, without noticing the preceding 
imperfections, an error of half a ſecond, in 
eſtimating the time, makes an error of 
above 100 feet in the expreſſion of the 


depth of the pit. 
* 2 
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III. Of Interęſt and Annuities, 


The application of algebra to the calcu. 
lation of intereſts and annuities, will fur- 
niſh proper examples of its uſe in buſineſs, 
Algebra cannot determine the propriety or 
juſtice of the common ſuppoſition on which 
theſe calculations are founded, but only the 
neceſſary concluſions reſulting from them, 


Notation. 


In the following theorems, let p denote 
any principal ſum of which 1 1. is the unit, 
t the time during which it bears intereſt, of 
which 1 year ſhall be the unit, 7 the rate 
of intereſt of 1 l. for 1 year, and let - be 
the amount of the principal ſum þ with its 
intereſt, for the time 7, at the rate . 


I. Of Simple Intereſt. 


e=þ-+ptr, and of theſe four, s, p, l, 7, 
any three being given, the fourth may be 
found by reſolving a ſimple equation. 

| | FX" Le 
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The foundation of the canon is yery ob- 
vious; for the intereſt of 11. in one year is 
r, for 4 years it is 77, and for þ pounds it is 
ptr; the whole amount of principal and in- 
tereſt muſt therefore be #+ptr=5. 


II. Of Compound Intereſt. 


When the ſimple intereſt at the end of 
every year is ſuppoſed to be joined to the 
principal ſum, and both to bear intereſt for 
the following year, money is ſaid to bear 


compound intereſt. The fame noration be- 


ing uſed, let IR. Then R.. 
For the ſimple intereſt of 1 l. in a year 
is 7, and the new principal ſum therefore 
which bears intereſt during the ſecond year 
is 1+r=R ; the intereſt of R for a year 
is R, and the amount of principal and in- 
tereſt at the end of the 2d year is R+rR= 
Rx 1+r=R*, In like manner, at the end 
of the zd year it is R, and at the end of: 
years it is Ri, and for the ſum þ it is pR'=s. 
Cor. 1. Of theſe four p, R, f, s, any three 
being given, the fourth may be found. 
| Y When 
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When 7 is not very ſmall, the ſolution 
will be obtained moſt conveniently by lo- 
garithms. When R is known 7 may be 
found, and converſcly. 

Ex. If 5ool. has been at intereſt for 21 
years, the whole arrear due, reckoning 4' 
per cent. compound intereſt, is 1200.12, 
or 12601. 28. 5d. In this caſe, p= 500, 
R=1.045, and f=21, and s= 1260. 12, and 
any one of theſe may be derived by the theo- 
rem from the others being known. Thus, 
to find 5; /R'=txlR=21X0.019116; 
2. 4014423, therefore R'=2.52042, and 
22 (OR) 500 NX 2. 520242 2 1260. 121. 
Cor. 2. The preſent worth of a ſum ( 
in reverſion that is payable after a certain 
time 7 is found thus. Let the preſent worth 
be x, then this money improved by com- 
pound intereſt during ? produces æ R, which 


muſt be equal to 5, and if xR'=s, rf 
Cor. 3. The time in which a ſum is 
doubled at compound intereſt will be found 


thus, R. ab, and R'=2, and 3 


thus, if the rate 1857 per cent. r=,05, and 
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years and 75 days nearly. 


= 14. 2066, that is 14 


SCHOLIUM. 


Many other ſuppoſitions might be made 
with regard to the improvement of money 
by compound intereſt. The intereſt might 
be ſuppoſed to be joined to the capital, and 
along with it to bear intereſt at the end of 
every month, at the end of every day, or 
even at the end of every inſtant, and ſuit- 
able calculations might be formed ; but 
theſe ſuppoſitions, being ſeldom uſed in 
practice, are omitted. 


; III. Of Annuities, 


An annuity is a payment made annually 
for a certain term of years, and the chief 
problem, with regard to it is, to determine 

4 
its 
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* its preſent worth.“ The ſuppoſition on 
which the ſolution proceeds is, that the 
money receiyed by the ſeller, being impro- 
ved by him in a certain manner during the 
continuance of the annuity, amounts to the 
ſame ſum as the ſeveral payments received 
by the purchaſer, improved in the ſame 
manner. The ſuppoſitions with regard to 
the improvement may be various. What is 
called the method of ſimple intereſt, in 
which ſimple intereſt only is reckoned upon 
the purchaſe- money, and ſimple intereſt on 
each annuity from the time of payment, I 
ſo manifeſtly unequitable, as to be univer- 
ſally rejected; and the ſuppoſition which is 
now generally admitted in practice is the 
higheſt improvement poſſible on both ſides 
viz. by compound intereſt. As the taking 
compound intereſt is prohibited by law, the 
realizing of this ſuppoſed improvement re- 
quires punctual payment of intereſt, and 
therefore the intereſt in ſuch calculations 1s 
uſually made low. Even with this advan- 
tage, it can hardly be rendered effectual in 
its full extent ; it is however univerſally 
- 8 „„ acquieſced 


—_—_—— Y 
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acquieſced in, as the moſt proper founda- 
tion of general rules; and when peculiar 

circumſtances require any different hypo- 
| theſis, a ſuitable calculation may be made. 
Let then the annuity be called a, and let 
p be the preſent worth of it or purchaſe- 
Money, 7 the time of its continuance, and 
let the other letters denote as formerly. 
The ſeller, by improving the price receiv= ,-, -- « 
ed þ, at compound intereſt, at 7 time the 
annuity ceaſes, has PR“. 90 | 

The purchaſer is alk to receive the 
firſt annuity à at the end of the firſt year, 
which is improved by him for —1 years; 
it becomes therefore (Th. 2.) R! 
He receives the 2d annuity at the end of 
the 2d year, and when improved t—2, it 
becomes aR'—*. 

The 3d annuity becomes aR'>", &. 
. The laſt annuity is ſimply a, therefore 
fi the whole amount of the improved annui- 
i ties is the geometrical ſeries a +aR+aR?, 
, &c. . . . 4 R — . The ſum of the ſeries by 
in | R .— 88 


Ch 6. 8 2 — 1— — 
1 Chap. 6 — is a X R K 
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Rf But, from the nature of the problem, 


0 PR. 5 * R —1 R —1 


and hence p=aX —— 
"ages 5 R | 
I 0 
hoes oo. 
R. 


The ſame concluſion reſults from calc 
lating the preſent worth of the ſeveral an- 
nuities, conſidered as ſums payable in re- 
verſion. 


Cor. 1. Of theſe four 5p, a, R, t, any 


three being given, the fourth may be found, 
by the ſolution of equations; ? is found ea- 
fily by logarithms, R or 7 can be found on- 
ly by reſolving an adfected equation of the 
t order. 


Cor. 2. If an annuity has been unpaid 
for the term 7, the arrear, reckoning com- 


pound intereſt, will be a * == 


Cor. 3. The preſent worth of an annuity 
in reverſion, that is to commence after a 
certain time (a), and then to continue 

| Fears, 


= 
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yeats, is found by ſubtracting the preſent 


worth for n years from the preſent worth 
for ut years, and then, 


CODED , = BN R. 
r 42 * + R" 


Alſo of R, t, u, a, p, any four being gi- 
ven, the fifth may be found. 


Cor. 4. If the annuity is to continue for- 
ever, then R'—1 and R may be conſidered 
R'—1 _ a 

N = 


Cor. 5. A perpetuity in reverſion (by 


as the ſame; and P Xx 


Cor. z.) ſince R- 1 R, is P. 

Prob. When 12 years of a leaſe of 21 
were expired, a renewal for the ſame term 
was granted for 1000 l.; 8 years are now 
expired, and for what ſum muſt a corre- 
ſponding renewal be made, reckoning 5 
per cent. compound intereſt ? 

From the firſt tranſaction the yearly pro- 
fit rent muſt be deduced; and from this the 
85 proper fine in the ſecond may be computed. 

| | In 


ww. Ws 


64e 

In the firſt bargain, an annuity in rever- 
ſion for 12 years, to commence 9 years 
hence, was fold for 10001. the annuity will 
therefore be tound by Cor. 3. in which all 
rR” 

I 
N 
and by inſerting numbers, viz. P 1000, 


the quantities are given, but a N 
| I 


f=12, nc, r=.05, and RSI. op; and 
working by logarithms 4 175. 29175 l 
7d. — 

Next, having found a, the ſecond re- 
newal is made by finding the preſent worth 
of the annuity a in reverſion, to commence 
13 years hence, and to laſt 8 years. In the 
canon (Cor. 3.) inſert for a, 175.029, and 
let 8, 113, and r=.05 as before, p- 
599.93 599 l. 18s. 64d. The fine requi- 
red. 

As theſe computations often become 
troubleſome, and are of frequent uſe, all the 
- common caſes are calculated in tables; from 
which the value of any annuity, for any 
time, at any intereſt, may eaſily be found. 
It is to be obſerved alſo, that the prece- 
ding rules are computed on the ſuppoſition 

| of 
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of the annuities being paid yearly ; and 
therefore, if they be ſuppoſed to be paid 
half yearly, or quarterly, the concluſions 
will be ſomewhat different, but they may 
eaſily be calculated on the preceding prin- 
ciples. 
The calculations of life annuities depend 
partly upon the principles now explained, 
and partly on phyſical principles, from the 
probable duration of human life, as dedu- 


ced from bills of mortality, 
2 0254 5 £6 


Z ELEMENTS 


a . 
2 = 
4 


* y = 

- 7 : 

= Sr a oe 
— — 


5 8 9 = 
. — — 
l e 


ELEMENTS 


OF 


AJ. GB Bis Ae 


Pi: A RF II. 


Of the General Properties and Reſolution 
of EQUATIONS of all Orders. 


CHAP. I. 


Of the Origin and Compoſition of Equations ; 
and of the Signs and Coefficients of their 


Terms. 


N order to reſolve the higher orders of 
equations, and to inveſtigate their ge- 
neral affections, it is proper firſt to conſider 
their origin from the combination of infe- 
rior equations, | 
As it would be impoſſible to exhibit par- 
ticular rules for the ſolution of every order 
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of equations, their number being indefinite; 
there is a neceſſity of deducing rules from 
their general properties, which may be 
equally applicable to all. 

In the application of algebra to certain 

ſubjects, and eſpecially to geometry, there 
may be an oppoſition in the quantities, ana- 
logous to that of addition and ſubtraction, 
which may therefore be expreſſed by the 


ſigns + and —. Hence theſe ſigns may be 
underſtood, by abſtraction, to-denote con- 
trariety in general; and therefore, in this 
method of treating of equations, negative 
roots are admitted, as well as poſitive. In 
many caſes the negative will have a proper 
and determinate meaning ; and when the 
equation relates to magnitude only, where 
contrariety cannot be ſuppoſed to exiſt, 
theſe roots are neglected, as in the calc 
of quadratic equations formerly explained. 
There is beſides this advantage in admitting 
negative roots, that both the properties of 
equations from which their reſolution | 
obtained, and alſo thoſe which are uſeful n 
_ the many extenſive applications of algebra, 
become 
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| become more ſimple and general, and are 

| more eaſily deduced. 

In this general method, all the terms of 
any equation are brought to one fide, and 


the equation is expreſſed by making them 
e equal to o. Therefore, if a root of the 
- equation be inſerted inſtead of (x) the un- 
? known quantity, the politive terms will be 
e equal to the negative, and the whole muſt 
4 be equal to o. 


Dey. When any equation is put into 
| this form, the term in which (x) the un- 
known quantity is of the higheſt power, is 
called the Firft, that in which the index of 
x 1s leſs by 1, is the Second, and ſo on, till the 
laſt into which the unknown quantity does 
not enter, and which is called the Abſolute 
Term. 


ft 
& Prop. I. If any number of equations be 
F multiplied together, an equation will be pro- 


duced, of which the dimenſion * is equal to 
the 


\ * The term dimenſion, in this treatiſe, is uſed in 
ſenſes ſomewhat different, but ſo as not to create any 
ambiguity, In this chapter it means either the order 
of an equation, or the number denoting that order, 
| which 


( 182) 


the ſum of the dimenſions of the equations 
multiplied. 

If any number of Gmple equations be 
multiplied together, as x—a=0, -b o, 
K o, &c. it is obvious, that the product 
will be an equation of a dimenſion contain- 
ing as many units as there are ſimple equa- 
tions. In like manner, if higher equations 
are multiplied together, as a cubic and a 
quadratic, one of the fifth order is produ- 
ced; and ſo on. 

Converſely. An equation of any dimen- 
ſion is confidered as compounded either of 
ſimple equations, or of others, ſuch that the 
ſum of their dimenſions is equal to the di- 
mention of the given one. By the reſolution 
of equations theſe inferior equations are diſ- 
covered, and by inveſtigating the compo- 
nent {imple equations, the roots of any 
higher equation are found. 

Cor. 1. Any equation admits of as many 
ſolutions, or has as many roots, as there are 
{imple equations which compoſe it, that is, 
as there are units in the dimenſion of it. 

| Cor, 
which was formerly defined to be the higheſt exponent 
of the unknown quantity in any term of the equation. 
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Cor. 2. And converſely, no equation 
can have more roots than the units in its 
dimenſion. 

Cor. 3. Imaginary or impoſſible roots 
muſt enter an equation by pairs ; for they 
ariſe from quadratics, in which both the 
roots are ſuch, 

Hence alſo, an equation of an even di- 
menſion may have all its roots, or any even 
number of them impoſſible, but an equation 
of an odd dimenſion muſt at leaſt have one 
poſſible root. | | 

Cor. 4. The roots are either poſitive or 
negative, according as the roots of the 
{imple equations, from which they are pro- 
duced, are poſitive or negative 


Cor. 5. When one root of an equation 


is diſcovered, one of the {imple equations is 
found, from which the given one is com- 


pounded. The given equation, therefore, 
being divided by this ſimple equation, will 


give an equation of a dimenſion lower by 1. 
Thus, any equation may be depreſſed as 
many degrees as there are roots found by 
any method whatever. 


_ Prop, | 
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Prop. II. To explain the general proper. 
ties of the ſigns and coefficients of the terms 
of an equation. | 

Let x—a=0, x—b==0, - =0, x—{ 
So, &c. be ſimple equations, of which the 
roots are any poſitive quantities +a, +6, 
Te, +4, &c. and let x-m=0, x+n=0, 
&c. be ſimple equations, of which the roots 
are any negative quantities —m, — n, &c; 
and let any number of theſe equations he 
multiplied together, as in the following 
table. 2 


& A n 0 


Xx—b=0 


— — 


=x ad : So, a Quadratic. 


XA -c O 


56 eto X x—abc==0, a Cubic. 
— +bc 
X x+m=0© 
=xt—q } + ab) ——abc 
ww * ++ac | Tabm © X x—abem=0, a Bir 
+m I +hmJ. 
—bm 
-m 


From 


B. 


om 


4 
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From this table it is plain, 


That in a complete equation the num- 
a of terms is always greater by unit than 
the dimenſion of the equation. 
2. The coefficient-of the firſt term is 1. 
The coefficient of the ſecond term is the 
ſum of all the roots a; 5, c, m, Vee: with 
their ſigns changed. 
The coefficient of the third term is the 
ſum of all the products that can be made by 


multiplying any two of the roots together; 


The coefficient of the fourth term is the 
ſum of all the products which can be made 
by multiplying together any three of the 
roots with their ſigns changed ; and ſo of 
others; 

The laſt term is the product of all the 


roots, with their ſigns changed. 


3. From induction it appears, that in any 
equation (the terms being regularly arran- 
'ged as in the preceding example) there are 
as many poſitive roots as there are changes 
in the ſigns of the terms from + to —; 
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and from — to + ; and the remaining 
roots are negative. The rule alſo may be 
byte | 
' The impoſlible roots in is rule 

are . to de * . or nega- 
Duin 
In this ac &; a. numeral equation 
 x*%—10x%þg5x%+50x+24=0, the roots 
are, +1, +2, +3, +4, and the prece- 
ding obſervations with regard to the ſigns 
and coefficients take place. 2 | 

Cor. If a term of an equation is wadting, 
the politive and negative parts of its coeffi 
cient muſt then be equal. If there is no 
abſolute term, then ſome of the roots muſt 
be S, and the equation may be depreſſed 
by dividing all the terms by the loweſt 
power of the unknown quaatity in any of 
them. In this caſe alſo, x—o=0o, x—o =o, 
&c. may be conſidered as ſo many of the 
component ſimple equations, by whieh the 
given-equation being divided, it will be de- 
preſſed ſo many degrees. 


* 


CH Af. 


q H A P. II. 


Of the Transformati on of E quations, 


, : \ 


HERE are certain transformations of 
equations neceſſary towards their ſo- 

lution ; and the moſt uſeful are contained 

in the following propoſitions. 5 


Prop. I. The afflrmative roots of an 
equation become negative, and the negative 


become affirmative, by changing the ſigns 


of the alternate terms, beginning with the 
ſecond. Sn 


Thus the roots of the equation — 
19 * ＋ - 30 are +1, +2, +3,5, 


whereas the roots of the equation, „ ＋4 
19x —49%—30=0,are—1,—2,—3, +5. 


The 
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The reaſon of this is derived from the 
compoſition of the coefficients of theſe 
terms, which conſiſt of combinations of odd 
numbers of the roots, as explained in the 
preceding chapter. 


Prop. II. An equation may be tranf- 
formed into another that ſhall have its roots 
greater or leſs than the roots of the given 
equation by ſome given difference. 


Let x be the unknown quantity of the 
equation, and e the given difference ; let 
3=x=#e, then ye; and if for x and 
its powers in the given equation, ye and 
its powers be inſerted, a new equation wil 
ariſe, in which the unknown quantity is), 
and j its value will be x =e; that is, its roots 
will differ from the roots of the given equa- 
tion by e. 

Let the equation maſa be x - 
aer of which the roots muſt be di- 
miniſhed by e. By inſerting for x and its 
powers, Ie and its Powers, the equation 
required is, 


| 
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M 
— py —2pey—Pe 6, BY 
+ 9) +4 


— 5 

Cor. 1. From this transformation, the 
ſecond, or any other intermediate term, 
may be taken away; granting the reſolu- 
tion of equations. ; 

Since the coefficients of all the terms of 
the transformed equation, except the firſt, 
involve the powers of e and known quan- 
tities only, by putting the coefficient of any 
term equal to o, and reſolving that equa- 


tion, a value of e may be determined; which 


being ſubſtituted, will make that term to va- 
niſh, wo | 

Thus, in this example, to take away the 
ſecond term, let its coethcient, 3e—p o, and 
e ß, which being ſubſtituted for e, the 
new equation will want the ſecond term. 
And univerſally, the coefficient of the firſt 
term of a cubic equation being 1, and x 
being the unknown quantity, the ſecond 
term may be taken away, by ſuppoſing 
x s, ß being the coefficient of that 
term. 


Cor. 
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Cor. 2. The ſecond term may be taken 
away by the ſolution of a ſimple equation, 
the third by the ſolution of a quadratic, 
and ſo on. 

Cor. 3. If the ſecand term of a quadratic 
equation be- taken away, it will become a 
pure equation, and thus a ſolution of qua- 
dratics will be. obtained, which coincides 
with the ſolution already given in Part I. 

Cor. 4. The laſt term of the transformed 
equation is the ſame with the given equa- 
tion, only having e in place of x. 

Prop. III. In like manner may an equa- 
tion be transformed into another, of which 
the roots ſhall be equal to the roots of the 
given equation, mated or divided by a 
given quantity. | 

Let x be the unknown letter in the given 
equation, and y that of the equation wan- 
ted; alſo let e be the given quantity. 

To multiply the * let mand and 


*. : 


| To divide the roots let £ =yands=y 
Then 


e. 


en 
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Then ſubſtitute for x and its powers, 2 


or ye and its powers, and the new — 
of which y is the unknown quantity, will 
have the property required. 

Cor. 1. By this propoſition an equation, 
in which the coefficient of the firſt term is 
any known quantity, as a, may be tranſ- 
formed into another, in which the coeffi- 
tient of the firſt term ſhall be unit. Thus, 
let the equation be ax*—bx* - O. 


Suppoſe y=ax; or *, and for x and 
its Powers inſert 7 and its powers, and the 


equation becomes 2 4.2 co, of f 
ga-! ps: Allo, let the equa- 
tion be 5x '—6x"*+7x—30=0; and if 
x2 5 then 1 3 $39—7 50 0. 


Co. a, If the two transformations in 
Prop. 2. and 3. be both required, they may 
be performed either ſeparately or together. 

Thus, if it js required to transform the 
equation ax*— px? + gz—r =0 into one 
which ſhall want the ſecond term, and in 
which the coefficient of the firſt term ſhall 

be 
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be 1 let *, and then y*—pp*+gaz— 


arg as before; then let y p, and 
the new equation, of which 2 is the un- 
known quantity, will want the ſecond term, 
and the coefficient of 25, the higheſt term 
is 1. Or, if x =ETIP, the ſame equation 
as the laſt found will ariſe from one opera- 
tion. 

Ex. Let the W 5 —6 . 7 
30 88. If 1 then y* —6j* + 353— 
750=0. And if , 2423696 
So. Alſo, at once, let x==— 2. and the 
equation properly reduced, by bringing all 
the terms to a common denominator, and 
then caſting it off, will be oi 
So, as before. 

Cor. 3. If there are fraQtions 3 in an equa- 
tion, they may be taken away, by multi- 
plying the equation by the denominators, 
and by this Prop. the equation may then 
be transformed into another, without frac- 
tions, in which the coefficient of the firſt 
term is 1. In like manner, may a furd c0- 
efficient be taken away in certain caſes. 


Cor. 


eq 


( wg) 


Cor. 4. Hence alſo, if the coefficient of 
the ſecond term of a cubic equation 1s not 
diviſible by 3, the fractions thence ariſing 
in the transformed equation, wanting the 
ſecond term, may be taken away by the 
preceding corollary. But the ſecond term 


alſo may be taken away, ſo that there ſhall 


be no ſuch fraQtions in = r 
equation, by ſuppoſing x === E, +þ being 


the coefficient of the 5 term of the gi- 
ven equation. And, if the equation ax 
—fx*+gx—r =0 be given, in which p is 
15 
* 
the transformed equation reduced is à — 
Y ＋ 949 K-29 ＋ gapg—274*r =0; 
wanting the ſecond term, having 1 for the 
coethcient of the firſt: term, and the coefh- 
cients of the other terms being all integers, 
the coefficients of the given equation being 
alſo ſuppoſed integers. 


not diviſible by 3. by ſuppoſing x = —— 


General Corollary to Prop. I. II. III. 


If che roots of any of theſe transformed 
equations be found by any method, the 
B b roots 
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roots of the original equation, from which 
they were derived, will eaſily be found 
from the ſimple equations expreſſing their 
relation. Thus, if 8 is found to be a root 
of the transformed equation 5 42 "MW 


So, (Cor. 2. prop. 3:), ſince 4 the 


correſponding root of the 11 equation, | 


$x'—6%h+ 7*—30 =0, muſt be = It 
is to be obſerved alſo, t that the . 
in Prop. 2. and 3. and the corollaries, may 
be extended to any order of equations, 


though in them it is applied chiefly to cu- 
bics. 


CHAP, 


CHAP. III. 


07 the Reſolution of Equations. 


= oY | 
7 ROM the preceding principles and o- 
4 perations, rules may be derived for 


— 


* reſolving equations of all orders, 


I. CARDAN's Rule for Cubic Equations. 


The ſecond term of a cubie equation be- 
ing taken away, and the coefficient of the 
firſt term being made 1, (by Cor. 1. Prop. 
2. and Cor. 1. Prop. 3. Chap. II.) it may be 
generally repreſented by & * + 39x + 27 
So; the ſign ＋ in all terms denoting the 
addition of them, with their proper ſigns. 
Let x==m-þ1, and alſo mn = 2 29 by the 
ſubſtitution of theſe values, an equation of 
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the 6th order, but of the quadratic form, 
is deduced, which gives the values of m and 
u, and hence, 


„ur rf Vr T FO —r— Vra7; 
=" = 
ee WEST 
Cor. 1. In the given equation, if 39 is 
negative, and if 7* is leſs than g*, this ex- 
preſſion of the root involves impoſſible 
quantities ; while, at the ſame time, all the 
roots of that equation are poſſible. The rea- 
ſon is, that, in this method of ſolution, it is 
neceſſary to ſuppoſe that x the root may be 
divided into two parts, of which the pro- 
duct is . But it is eaſy to ſhew, that, in 
this, which is called the irreducible caſe, it 
cannot be done. 
For example, the equation, (Ex. 4. Sed. 
3. of this chapter), x'—156x 4 560 So, be- 
longs to the irreducible caſe, and the three 
roots are +4, ＋ 10, — 14, and it is plain 
that none of theſe roots can be divided into 
two parts m and , of which the product 


can be equal to 28 = Fa; for the 


greatel! 
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greateſt product from the diviſion of the 
greateſt root—14, is —7X—7=49, leſs 
than 52. 

If the cube root of the compound ſurd 
can be extracted, the impoſſible parts ba- 
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lance each other, and the true root is ob- i | | 
tained. | | i 1 
6 The geometrical problem of the triſec- i ; a ” N 
> tion of an arch is reſolved algebraically, by j "0 h 
e a cubic equation of this form ; and hence i 15 0 
E the foundation of the rule for reſolving an TY | 
K equation belonging to this caſe, by a table ot g 


of ſines. 


Cor. 2. Biquadratic equations may be re- 
duced to cubics, and may therefore be re- 
ſolved by this rule. 
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Some other claſſes of equations too, may 
be reſolved by particular rules; but theſe, 
and every other order of equations, are 

' commonly reſolved by the general rules, 
which may be equally applied to all. 


\ 


IT. 


E 


II. Solution of Equations, why Roots are 


commenſurate. 


RULE I. 
All the terms of the equation being brought 
to one fide, find all the divifors of the ab- 
ſolute term, and ſubſtitute them ſucceſſively ' 
in the equation for the unknown guantiity, 
That diviſor which, Jubflitured in this 
manner, gives the reſult So, ; foals be a 
root of the equation. 
Ex. I. x*—3ax*+ 24 4 OM 
—bx* + 3abx e 
The ſimple literal diviſors of — 245, are 
a, b, 24, 2b, any of which may be inferted 
for x. Suppoſing x= +a, the equation 
becomes 
3 1 | 
„ 26 Ng F | which is obviouſly o. 
Ex. 2. & — 2K — 3 3x+90=0: 
The diviſors of go are 1, 2, 3, 5, 6, 9, 
IO, 15, 18 30, 45, 90. 
The firſt of theſe diviſors, which TIP 


. Inſerted for x, will make the reſult So, is 


+3; 


„ 8 
+3; +5 is another, and it is plain the laſt 


root muſt be negative, and it is —6. 


When z is diſcovered to be a root, the 
given equation may be divided by x—3 


So, and the reſult will be a quadratic, 


which being reſolved, will give the other 
two roots, +5 and — 6. 


The reaſon of the rule appears from the | 
property of the abſolute term formerly de- - 


fined, viz. that it is the product of all the 
roots. 4 7, 
To avoid the inconvenience of trying 


many diviſors, this method is ſhortened by 


the following. 


EY 


Subſtitute in place of the unknown quantity 
ſucceſſively three or more terms of the pro- 
greſſion, 1, 0,—1, tc. and find all the 

' divifors of the ſums that reſult ; then take 
out all the ariihmetical progreſſions that 


can be found among theſe divilors whoſe 
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avill be among thoſe terms of the progreſ. 
fions which are the diviſors of the reſult 
ariſing from the ſubſtitution of x . When 
the ſeries increaſes, the roots will be pf. 
tive; and when it decregfes, the roots will 


be negative. 


EXAMPLE 


Let] it be ond to find a root of the om 
tion x—x *—10x+6=0, 


— 


The operation is thus: 


[Suppofet. a Neſult. Dwoiſers.| Ar. pro. 


drs — —— - — 4,2, 4, 4 
O > x3—x* —Iox+6= + 6, 2, 3,6, 3 
— 8 ＋ 1422272142 


— —B . —— 


In this example there is only one pro- 
greſſion, 4, 3, 2, and therefore 3 is a root, 
and it is —3, ſince the ſeries decreaſes. 


It is evident from the rules for transform- 
ing equations, (Chap. 2.), that by inſerting 
for x, +1(=+0e) the reſult is the abſolute 
term of an equation, of which the roots are 

leſs 


i 
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leſs than the roots of the given equation 
by 1=e, Cor. 4. Prop. 2. When x=0o the 
reſult is the abſolute term of the given 
equation, When for x is inferted —1 
=, the reſult is the abſolute term of an 
equation whoſe roots exceed the roots of 
the given equation by ge. Hence, if the 
terms of the ſeries, 1, o, —1, —2, &c. be 
inſerted ſucceſſively for x, the reſults will 
be the abſolute terms of ſo many equations, 
of which the roots form an increaſing arith- 
metical ſeries with the difference 1. But, 
as the commenſurate roots of theſe equa- 
tions muſt be among the diviſors of their 
abſolute terms, they muſt alſo be among 
the arithmetical progreſſions found by this 
rule. The roots of the given equation, 
therefore, are to be ſought for among the 
terms of theſe progreſſions which are di- 
viſors of the reſult, upon the ſuppoſition 
of x=0, becauſe that reſult is its abſolute 
term. * 

It is plain that the progreſſion muſt al- 
ways be increaſing, only it is to be obſer- 
ved, that a decreaſing ſeries, with the ſign 
+, becomes increaſing with the ſign —. 

Ce Thus, 
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Thus, in the preceding example, —4, —z, 
—2, is an increaſing ſeries, of which —3 
is to be tried, and it ſucceeds, 

If, from the ſubſtitution of three terms 
of the progreſſion, 1, o, —1, &c. there ariſe 
a number of arithmetical ſerieſes, by ſubſti- 
tuting more terms of that progreſſion, ſome 
of the ſerieſes will break off, and, of courſe, 
fewer trials will be neceſſary. 


III. Examples of RQueſiions re the 
higher Equations. 


EXAMPLE I. 


ti ts required to divide 10 l. between two 
perſons, ſo that the cube of the one's ſhare 
may exceed the cube of the other's by 386. 


Let the greater ſhare be x pounds, 
And the leſs will be 16—x ; 


By the queſtion, x'—16—x|'= 6 
And by Inv. 2x*—48x*+768x—4096 = 36 
te J e Lader, 
Suppoſ. Reſults. Diviſors. 
If x=+1; - 1880 = 1, 2, 4, 5, 8, 10, 20, 
x=.' 0; - 2241 = 1, 3, 9, 27, 83. 
* 2 —1; — 2050 - 1, 2, 5, 10, 25, $31 
| Where 


| / 
( 263 | 7 
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+9 is to be tried; and being inſerted for x, U 7 _ } 
| the equation is =o. The two ſhares then 122 
are 9 and 7 which ſucceed. Since x=9; {/ 0 9 - 

e x—9=0 is one of the ſimple equations from 

i which this - cubic is produced; therefore 

0 — t- —— = — 15* ＋ 249 Do. 5 


And the two roots of this quadratic are im- 
poſſible. 


EXAMPLE II. 


What two numbers are thaſe, whoſe product 
multiplied by the greater will produce 
405, and their difjerence multiplied ys the 


re leſs 20? 

8 Let the greater number be x, afid the leſs y. 
Then by queſt. j XJYXX ALTO | 

* XJ=XJ—y =20 

- Therefore = <- ax=" — | 

3b 5 3 

þ —_— e 
Aſo = = =D B 

20, Therefore D, 


52 9 


Mult, and tranſ. y "+497 —4 og +400=0. 
This 


- 
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This biquadratic reſolved by diviſors, 
gives „5; and therefore x=9, Alſo, 
++40y*—405y+400 F 
2 — 244 S- 800. 


This cubic equation has one poſitive in- 
5 


commenſurate root, viz. 1. 114, &c. which 
may be found by the rule in the next ſec- 
tion, and two impoſſible- The incommen- 
ſurate root y= 1,114, &c. gives x = 19.067, 
&c. and theſe two anſwer the conditions 
very nearly. 


EXAMPLE II 


The ſum of the ſquares of two numbers 208, 
and the ſum of their cubes 2240 being gi- 
ven, to find them. 


Let the greater be xy, and the leſs x—y, 


Then *+ Ny 1 =2x*+2y* 208. 
Hence y* = 104—x*. 


Alſo e = 2x'— Gx „ 
Subſtitute for * its value and 2x 4 
Ox*= 2240. 


This reduced gives x'—— Aox+ 560 =0. 
The 
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The roots of this equation are +10, +4, 
—14. If x=10 then y=2, and the num- 
bers ſought are 12 and 8, which give the 
only juſt ſolution. If x=4, then *=88 
and y V. The numbers ſought are 
therefore 4+ 4/88 and a- N,. The laſt 
is negative, but they anſwer the conditions. 
Laſtly, if x=—14, then y*=—92, hence 
4—=4/—92, is impoſſible ; but till the two 


numbers —14 + /—92, —14—\/—92, 
being inſerted, would anſwer the condi- 


tions, But it has been frequently obſerved, - 


that ſuch ſolutions are both uſeleſs, and 
without meaning. 


IV. Solution of Equations by Approximation. 


By the former rules, the roots of equa- 
tions when they are commenſurate may be 
obtained: Theſe, however, more rarely oc- 
cur; and when they are incommenſurate, 
we can find only an approximate value of 
them, but to any degree of exactneſs re- 
quired. There are various rules for this 


purpoſe; 
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purpoſe; one of the moſt ſimple is that of 
Sir Iſaac Newton, which ſhall now be ex- 


plained. 


LEMMA. If any two numbers being in- 
ſerted for the unknown quantity (x) in any 
equation, give reſults with - oppoſite ſigns, 
an odd number of roots muſt be between 


theſe numbers. 


This appears from the property of the 
abſolure term, and from this obvious maxim, 
that, if a number of quantities be multi- 


' plied together, and if the ſigns of an odd 


number of them be changed, the ſign of the 
product is changed. For, when a poſitive 
quantity is inſerted for x, the reſult is the 
abſolute term of an equation whoſe roots 
are leſs than the roots of the given equa- 
tion by that quantity, (Prop. 2. Cor. 3. 
Chap. 2.). If the reſult has the ſame ſign 
as the given abſolute term, then from the 
property of the abſolute term, (Prop. 2. 
Chap. 1.) either none, or an even number 
only, of the poſitive roots have had their 
ſigns changed by the transformation ; but, 
if the reſult has an oppoſite ſign to that of 
the 


„„ 


the given abſolute term, the ſigns of an odd 
number of the poſitive roots muſt have been 
changed. In the ſirſt caſe, then, the quan- 
tity ſubſtituted muſt have been either great- 
er than each of an even number of the po- 
ſitive roots of the given equation, or leſs 
than any of them; in the ſecond caſe, it 
muſt have been greater than each of an odd 
number of the poſitive roots. An odd 
number of the poſitive roots therefore muſt 
lie between them, when they give reſults 
with oppoſite ſigns. The ſame obſervation 
is to be extended to the ſubſtitution of ne- 
gative quantities and the negative roots. 
From this Lemma, by means of trials, it 
will not be difficult to find the neareſt inte- 
ger to a root of a given numeral equation. 
This is the ſirſt ſtep towards the approxi- 
mation; and. both the manner of continu- 
ing it, and the reaſon of the operation, will 
be evident from the following example. 


Let the equation be x*—2x—5 =o. 


1. Find the neareſt integer to the root; 
in this caſe a root is between 2 and 3, for 
theſe 
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theſe numbers being inſerted for x, the one 
gives a politive, and the other a negative 
reſult. Either the number above the root, 
or that below it, may be aſſumed as the firſt 
value; only, it will be more convenient to 
take that which appears to be neareſt to the 
root, as will be manifeſt from the nature of 
the operation. 

2. Suppoſe x=2+f, and ſubſtitute this 
value of x in the equation. 

= 8+12/+66+/* 
—2 =—4—2f 
w_ {PP . 

X\—2x— IF If =o. 

If Vis leſs than unit, its powers f* and 
f* may be neglected in this firſt approxi- | 
mation, and 1of=1, or f=0.1 nearly, | 
therefore x = 2.1 nearly. | 

3. As /=0.1, nearly, let f=.1+g, and 
inſert this value of * in the preceding equa- 


t 
tion. ; 
. f*= 0.001+0.032+0.3g*+g3 0 

6f *= 0.06 + 1.281 6.85 
a 
lof= 1 + 1og 


fe *+1lof—I= 0.061+1 I 235076. 0 
ä | and 


2099 
and neglecting g* and g as very ſmall o. 61 


—.—61.— 


| +F 11.238 , or g=——— mad A 
hence f=0.1+g=.0946 nearly, and x= 
2.0946 nearly. - 

4. This operation may be continued to 
any length, as by ſuppoſing g=—.00;4 +6, 
and ſo on, and the value of x=2.09455147 
nearly. 

By the firſt operation a nearer value of x 
may be found thus; ſince f=.1 nearly, and 


—I+19/+6/*+/*=0, 
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FS er that is S=ropora=994 
true to the laſt figure, and x=2.094. 
| In the ſame manner may the root of a "il 
pure equation be found, and this gives an 7 
; eaſy method of approximating to the roots 110 
of numbers, which are not perfe& powers. l | 
1 This rule is applicable to numeral equa- Fo 
* tions of every order, and, by affummg a 0 
general equation, general rules may be de- 0 
duced for approximating to the roots of 10 
any propoſed equation. By a ſimilar me- te 
thod we may approximate to the roots of 5 
: literal equations, which will be expreſſed ” WW | 


infinite ſeries, 
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„ III. 


Of the Application of Algebra to Geometry. 


H 


General Principles. 


EOMETRY treats both of the mag- 
nitude and poſition of extenſion, and 
their connections. 
Algebra treats only of magnitude. There- 
fore, of the relations which ſubſiſt in geo- 
metrical figures, thoſe of magnitude only 
can be immediately expreſſed by algebra. 
The oppoſite poſition of ſtraight lines 
may indeed be expreſſed ſimply by the 


ſigns 


YL 
$ 
1 
1 
v4 
bY 
i 
| 


1 
ſigns + and —. - But, in order to expreſs 


the various other poſitions of geometrical 
figures by algebra, from the principles of 
geometry, ſome relations of magnitude 
muſt be found, which depend upon theſe 
poſitions, and which can be exhibited by 
equations: And converſely, by the ſame 
principles may the poſitions of figures be 
inferred from the equations denoting ſuch 
relations of their parts. 

Though this application of algebra ap- 
pears to be indirect, yet ſuch is the ſimpli- 
city of the operations, and the general na- 
ture of its theorems, that inveſtigations, 
eſpecially in the higher parts of geometry, 
are generally eaſier and more expeditious 
by the algebraical method, though leſs ele- 
gant than by what is purely geometrical. 
The connections alſo, and analogies of the 
two ſciences eftabliſhed by this application, 
have given riſe to many curious ſpecula- 
tions; geometry has been rendered far 
more extenſive and uſeful, and algebra it- 
ſelf has received ' conſiderable improve- 
ments. | 2591 


1 


1 © \«y 
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'L of the Algebraical E xpreſſion of Geome- 


trical Magnituges. 


A line, heather known or unknown, is 
repreſented by a ſingle letter; a rectangle 
is properly expreſſed by the product of the 
two letters repreſenting its ſides; and a 
rectangular parallelopiped by the product 
of three letters, two of which repreſent the 
ſides of any of its rectangular baſes, and the 
third the altitude, 

Theſe are the moſt ſimple expreſſions of 
geometrical magnitudes, and any other 
which has a known proportion to theſe, 
may, in like manner, be expreſſed algebrai- 
cally. Converſely, the geometrical magni- 
tudes, repreſented by ſuch algebraical quan- 
tities, may be found, only the algebraical 
dimenſions above the third, not having any 
correſponding geometrical dimenſions, muſt 
be expreſſed by proportionals * 

The 

All algebraical dimenſions above the third muſt be 
expreſſed by inferior geometrical dimenſions ; and, tho 
any algebraical quantities, of two and three dimenſions, 


may be immediately expreſſed by ſurfaces and ſolids re- 
ſpectively, yet it is generally neceſſary to expreſs them, 


and all ſuperior dimenſions by lines. 


1, 


10 ; | 
The oppoſite poſition of ſtraight lines, i 


has been remarked, may be * by 


the ſigns + and —. 
Thus, 


If, in any geometrical inveſtigation by algebra, each 


line is expreſſed by a ſingle letter, and each ſurface or 


ſolid by an algebraical quantity of two or three dimen- 


ſions reſpectively, then whatever legitimate operations 


are performed with regard to them, the terms in any 
equation derived will, when properly reduced, be all of 
the ſame dimenſion ; and any ſuch equation may be 
eaſily expreſſed geometrically by means of proportion- 
als, as in the following example. 

Thus, if the algebraical equation a++6b+=c4—4), is 
to be expreſſed geometrically, a, , c, and d, being ſuppo- 
ſed to repreſent ſtraight lines; let a: ö: e: f: g, in con- 
tinued proportion, then 4“: :: 4: g and a+ 24 
:a+g; then let a: c: 5: f: I, and 44: c:: 4: J; alſo, 


let c: d: :: p, and : d: c: p, or : a4—d$:c: 


cp. By combinin g the two former proportions, 
(Chap. 2. Part 1.) 4: A:: I: 4g, and combining 
the latter with this laſt found, -d“: 4 +64 :: c—p 
xl cxatg; therefore r—þ XI=cxa+2, and c : c—þ 

:I: 44g. 

If any known line is ans as 1, as its powers do 
not appear, the terms of an equation, including any of 
them, may be of very different dimenſions ; and before it 


can be properly exprefſed by geometrical magnitudes, 


the deficient dimenſions muſt be ſupplied by powers of 
the 1. When an equation has been derived from geo- 
metrical relations, the line denoting 1 is known; and 

| when 


T.. A Rb 
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Thus, let a point A be given in the line 
"P A M N. 
AP, any ſegment AP taken to the right 
hand, being conſidered as poſitive, a ſeg- 
ment Ap to the left is properly repreſented 
by a negative quantity. If a and 6 repre- 
ſent two lines; and if, upon the line AB 
from the point A, AP be taken towards the 
right equal to a, it may be expreſſed by + 
a; then PM taken to the left and equal to 
b, will be properly repreſented by —6, for 
AM is equal to a—b: If a=6, then M 
will fall upon A, and a-b=0: By the 


ſame notation, if 6 is greater than a, M will 
fall to the left of A; and in this caſe, if 
24 b. and if Pp be taken equal to b, then 
ld = -—@ will repreſent Ap, which is 
equal to a, and ſituated to the left of A. 
This uſe of the ſigns, however, in particu- 

lar 
when an aſſumed equation is to be expreſſed by the re- 


lations of geometrical magnitudes, the 1 is to be afſumed. 


In this manner may any ſingle power be expreſſed by 
a line. If it is x5, then to 1, x find four quantities in 
continued proportion, ſo that 1: K: : n: p95 then 
1:9 : 15: x5, or qzx5, and ſo of others. | 
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wh gafes, may. be precluded, or in * 
meaſure reſtrained. . | 

The poſitions of —— figures are 
ſo various, that it is impoſſible to give ge- 
neral rules for the algebraical expreſſion of 
them. The TEAR are a few examples. 


An angle is expreſſed by the ratio of its 
fine to the radius; a right angle in a tri- 
angle, by putting the ſquares of the two 
ſides equal to the ſquare of the hypothenuſe; 
the poſition of points is aſcertained by the 
perpendiculars from them on lines given in 
poſition; the poſition of lines by the angles 
which they make with given lines, or by 
the perpendiculars on them from given 
points : The ſimilarity of triangles by the 
proportionality of their ſides which gives 
an equation, c. 
Theſe and other geometrical principles 
muſt be employed both in the demonſtra- 
tion of theorems, and in the folution of 
problems. The geometrical propoſition 
muſt firft be e in the algebraical 
manner , 


627 
manner, and the reſult after the operation, 
muſt be expreſſed geometrically. 
II. The Demonſtration of Theorems. 
All propoſitions in which the proportions 
of magnitude only are employed, alſo all 


propoſitions expreſſing the relations of the 


ſegments of a ſtraight line, of their ſquares, 
reQangles, cubes, and parallelopipeds, are 
demonſtrated algebraically with great eaſe: 
Such demonſtrations, indeed, may in gene- 
ral be conſidered as an abridged notation of 
what are purely geometrical. 

This is patticularly the caſe in thoſe pro- 
poſitions, which may be geometrically de- 
duced without any conſtruction of the 
ſquares, rectangles, &c. to which they re- 
fer, From the Fitſt Propoſition of the Se- 


cond Book of Euclid, the nine following 


may be eaſily derived in this manner, arid 
they may be conſidered as proper examples 
of this moſt obvious application of algebra 
to geometry, 

If certain poſitions are cn ſuppoſed or 
to be inferred in a theorem, we muſt find, 
YE according 
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dccording to the preceding obſervations, the 
connection between theſe poſitions and ſuch 


relations of magnitude as can be expreſſed 
and reaſoned upon by algebra. The alge- 
braical demonſtrations of the rath and 13th 
propoſitions of the 2d Book of Euclid, re- 
quire only the 47th of the . El. The 35th 
and 36th of the 3d Book require only the 
3. III. El. and 47. I. El. 

From few ſimple geometrical principles 
alone, a number of concluſions with regard 
to figures, may be deduced by algebra; 
and to this, in a great meaſure, is owing 
the extenſive uſe of this ſcience in geome- 
try. If other more remote geometrical 
principles are occaſionally introduced, the 
algebraical calculations may be much abrid- 
ged. The ſame is to be obſerved in the ſo- 
lution of problems; but ſuch in general are 
leſs obvious, and more properly belong to 
the ſtrict geometrical method. 


III. Of the S olation of” Problems. 


Upon the ſame principles are geometri- 
cal problems to be reſolved. The problem 
5 8 | ig 
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is ſuppoſed to be conſtructed, and proper 
algebraical notations of the known and un- 
known magnitudes are to be ſought for, by 
means of which their connections may be 
expreſſed by equations. It may firſt be 
remarked, as was done in the caſe of theo- 
rems, that in thoſe problems which relate 
to the diviſion of the line, and the propor- 
tions of its. parts, the expreſhon of the 
quantities, and the ſtating their relations by 


equations, are ſo eaſy as not to require any 
particular directions. 


But, when various 
poſitions of geometrical figures, and their 
properties are introduced, the ſolution re- 
quires more attention and ſkill. No gene- 


the following obſervations may be of uſe. 


I. The conſtruction of the problem being 


produce ſome of the lines till they meet; to 


to draw lines from ſuch points perpendicu- 
lar or parallel to other lines, and ſuch other 


operations as ſeem conducive to the finding 
of equations; and for this purpoſe, thoſe | 
eſpecially 


etri- 
lem 


10 


ral rules can be given on this ſubject, but 


ſuppoſed, it is often farther neceſſary to 


draw new lines joining remarkable points; 
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| 1 
eſpecially are to be employed, which divide 
the ſcheme into triangles that are mn, 
right angled or ſimilar. 


2. It is * convenient to denote by 
letters, not the quantities particularly ſought, 
but ſome others from which they can eaſily 
be deduced. The ſame may be obſerved of 


ziven quantities. 


3. The proper notation being made, the 
neceſſary equations are to be derived by the 
uſe of the moſt ſimple geometrical prin- 
eiples, ſuch as the addition and ſubtraction 
of lines or of ſquares, the proportionality 
of lines, particularly of the ſides of ſimilar 
triangles, &c. 


4. There muſt be as many independent 
equations as there are unknown quantities 
aſſumed in the inveſtigation, and from theſe 
a final equation may be inferred by the 
rules of Part I. 


If the final equatidn from the ds 


be reſolved, the roots may often be exhibi- 
ted 
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ted geometrically; but the geometrical con- 
ſtruction of problems may be effected allo, 
without reſolving the equation, and even 


without deducing a final equation, by the 
methods afterwards to be explained. 


If the final equation is ſimple or quadra- 


tic, the roots being obtained by the com- 


mon rules, may be geometrically exhibited 
by the finding of proportionals, and the ad- 
dition or ſubtraction of ſquares. 


Buy inſerting numbers for, the known 


quantities, a numeral expreſſion of the 
quantities ſought will be obtained by reſol- 


ving the equation. But, in order to deter- 
mine ſome particulars of the problem, be- 
ſides finding the unknown quantities of the 
equation, it may be farther neceſſary to 
make a ſimple conſtruction; or, if it is re- 
quired that every thing be expreſſed in 
numbers, to ſubſtitute a new calculation in 
place of that conſtruction, 
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e. I. 


To divide a given ſtraigbt line AB into two 
parts, ſo that the refangle contained by 

. the whole line, and one of the parts, may 

Be equal to the ſquare ꝙ the other part. 


This is Prop. 11th II. B. of Euclid. 


c &-+ i (2 = B 
Let C be the point of diviſion, and let 
AB=a, AC=x, and then 1 
From the problem a*—ax=x*; and this 
equation being reſolved (Chap. V. P. II.) 


gives 5 1 —2 


The quantity Je r, is the bypothe- 
nuſe of a right angled triangle of which the 
two fides are a, and 75 and is therefore 

eaſily found; 2 being taken from this line, 


gives x=AC, which is the proper ſolution. 
But if a line Ac be taken. on the oppoſite 
ad 
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ſide of A, and equal to the above mention- 


ed hypothenuſe, together with Is it will 


repreſent the negative root — 50 a 8 
and will give another ſolution; for in this 
caſe alſo ABX Bce=Ac*, But c is without 
the line AB, and therefore, if it is not con- 
ſidered as making a diviſion of AB, this 
negative root is rejected. 


This ſolution coincides with whit i is gi- 
ven by Euclid. For H ac is equal (ſce 


the fig. of Prop. 11th II. B. Eucl. Simſon's 
edit.) to EB or EF, and therefore & 


J/ 1+ —Z=EF—EA=AF=AH ; and 


the point H correſponds to C in the pre- 
ceding figure. 

Beſides, if on EF4EA= CF (inflead of 
EF—FA=FA) a ſquare be deſcribed on 
the oppoſite ſide of CF from AG, BA pro- 
duced will meet a ſide of it in a point, 
which if it be called K, will give KBXBA 
=KA?. K correſponds to c; and this ſo- 
lution will correſpond with the algebraical 
ſolution, by means of the negative root. 


If 
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If CB had been called x, and AC x, 


the equation would be ax =a'—2ax xl, 


which gives & e, in which both 
roots ate poſitive, and the ſolutions derived 
from them coincide with the preceding. 
If the ſolution be confined to a point with- 
in the line, then one of the poſitive roots 
muſt be rejected, for one of the roots of the 
compound ſquare from which it is derived 


is x—E, a negative quantity, which in this 


ſtrict hypotheſis is not admitted. In ſuch 
a problem, however, both conſtructions are 
generally received, and conſidered even as 
neceſſary to a complete ſolution of it. 

If a ſolution in numbers be required, let 
AB 10, then x== /i25=5. It is plain, 
whatever be the value of AB, the roots of 
this equation are incommenſurate, though 
they may be found, by approximation, to 
any degree of exactneſs required. In this 
caſe, x = & 11. 1803 — 5, nearly, that is 
AC=6.1803 nearly; and Ac = 16. 1803 
nearly. 


— ng —_ ] Cs. Ms... 
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tra given Triangle ABC to inſcribe a Square. 


Suppoſe it to be done, and let it be 
EFHG; from A let AD be perpendicular 
on the baſe BC, meeting EF in K. 


Let BC=a, and | | | 
AD =p, both of EX. . 
which are given be- 1 -— 
cauſe the triangle is F 
given: Let AK be 1 
aſſumed as the unn, N 
known quantity, be- Hine Hanh! 
cauſe from it the A wy N © 
ſquare can calily be B rr en. CG 


conſtructed, and let Ae 
it be called x: Then n (KD= EG=)EF=þ | 


On account of the paratlds EF, BC, 
AD: BC AK: EF; that is, þ:a*: K* „, 


and bp car, which equation being re- 


Ly 


19 
ſolved, gives * = 


Therefore x of AK 5 a third propor- 
tional to Pa, and p, and may be found 
by 11. VI. EI. The point K being found, 


the conſtruction of the ſquare 1s Gilkey. * 
obvious. | | 
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If CB had been called x, and AC x, 
the equation would be ax g -a Tx, 


which gives „e, in which both 


2 
roots are poſitive, and the ſolutions derived 
from them coincide with the preceding. 
If the ſolution be confined to a point with- 
in the line, then one of the poſitive roots 
muſt be rejected, for one of the roots of the 
compound ſquare from which it is derived 


is x—#E, a negative quantity, which in this 


ſtrict hypotheſis is not admitted, In ſuch 
a problem, however, both conſtructions are 
generally received, and conſidered even as 
neceſſary to a complete ſolution of it. 
If a ſolution in numbers be required, let 
=10, then & //1i25—5. It is plain, 
whatever be the value of AB, the roots of 
this equation are incommenſurate, though 
they may be found, by approximation, to 
any degree of exactneſs required. In this 
caſe, x = & 11. 1803 — 5, nearly, that is 
AC=6.1803 nearly; and Ac = 16.1803 
nearly. 
| PR OB; 
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tha given Triangle ABC to inſcribe a Square. | 
Suppoſe it to be done, and let it be 


EP HG; from A let AD be perpendicular 
on the baſe wi meeting EF in K. 


7 5 n 
Le BC=a, and | N 
AD =p, both of 15 
which are given be- 2 | 
cauſe the triangle is 1 N F 


given: Let AK be 0 Pg 
aſſumed as the un. /|- [| 
known quantity, be- ae banht 
cauſe from it the : ola 


ſquare can eaſily be! n 4 _ 


e 44 
it be called x? Then (KD= rar) Er-, | 
_ ; 

On account of the paratls EF, BC, 
AD:BC:: AK : EF; that is, p: a: P-, 
and FIRED =ax, which equation being re- 


* * 


ſolved, gives ges 


Therefore x or AK 108 a third fie 
tional to Pa, and p, and may be found 
by 11. VI. El. The point K being found, 
the conſtruction of the ſquare is ſufficiently + 
obvious. | 


pf ROB. 
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r R O B. II. 


In the right angled Triangle ABC, the baſe 
BC and the ſum of the perpenatcular and 
Jides, BAHAC+AD, being given, to kel 
the bee 


Such parts of 
this triangle are 
to be found as are 


neceſſary for de- 
fcribing it: The 
ä perpendicular Al C 
will be fufficient 


for this purpoſe, and let it be called * Let 
AB +AC + AD = @, BC, therefore 
BA AC -=: Let BA—AC be denoted 


by y, then BA == =, and AC = | 
But (47. I. El.) BC*=BA*+AC?, which 
being expreſſed algebraically, becomes b*= 
De nn on —— 2 Like- E 
wile, from a known property of right ang- 
led triangles,” BCXAD=BAXAC; that 


1s 
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—O go) =, 
is bx= ( 2 X =) F . 
This laſt equation being multiplied by 2, 


and added to the former, gives 6 26 
=4a*—2ax+x*, which being reſolved ac- 
cording to the rules of Part I. Chap. 5. gives 
x=a+b— / 2ab “. | 


Io conſtruct this: a+6 is the ſum of the 


perimeter and perpendicular, and is given; 
2ab +26*=/a+bX 26 is a mean pro- 
portional between a+6b and 26, and may 
be found ; therefore, from the ſum of the 
perimeter and. perpendicular, ſubtract the 
mean proportional between the ſaid ſum 
and double the baſe, and the remainder will 
be the perpendicular required. 
From the baſe and perpendicular, the 
right angled triangle is eaſily conſtructed. 
In numbers, let BA+AC+AD=18.8 
Da; BC=10 S; then AD = a+b — 


V2abÞ26= 28.8—4/576=4.8=x, and 
BA+AC= 14. By either of the firſt equa- 
tions, y*= 2b*þ 2ax—a*—x*=4 and = 
BA AC ='2; therefore * ="8, and - 
AC=6, 


The 
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_ The geometrical expreſſion of the roots 
of final equations ariſing from problems, 
may be found without reſolving them, by 
the interſection of geometrical lines. Thus, 
the roots of a quadratic are found by the 
interſections of the circle and ſtraight line, 
thoſe of a cubic and biquadratic, by the in- 
terſection of two conic ſections, &c. 

The ſolution of problems may be effected 
alſo by the interſections of the /oct of two 
intermediate equations without. deducing a 
final equation: But theſe two laſt methods 
can only be underſtood by the doctrine of 
the loci of equations. 


CHAP. 
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C H A P. II. 
Of the Definition of Lines by Equations. 


INES which can be mathematically 


treated of, muſt be produced accord- 


ing to an uniform rule, which determines 
the poſition of every point of them. 

This rule conſtitutes the de;nizion of any 
line from which all its other e are 
to be derived. 

A ſtraight line has been akin as ſo 
ſimple, as to be incapable of definition. 
The curve lines here treated of, are ſuppo- 


ſed to be in a plane, and are defined either 


from the ſection of a ſolid by a plane, or 
more univerſally by ſome continued mo- 
tion in a plane, according to particular 
rules. Any of the propertics which are 
ſhewn to belong peculiarly to ſuch a line, 
may be aſſumed alſo as the definition of it, 
from which all the others, and even what, 


upon 


* 
= — r 3 
1 Abi * ”_ - 


n 

upon other occaſions may have been con- 
ſidered as the primary definition, may be 
demonſtrated. Hence lines may be defined 
in various methods, of which the moſt con- 
venient is to be determined by the purpoſe 
in view. The ſimplicity of a definition, and 
the eaſe with which the other properties can 
be derived from it, generally give-a prefe · 
rence. LO 


DEFINITIONS. 


I. When curve lines are defined by equa- 
tions, they are ſuppoſed to be produced by 
the extremity of one ſtraight line, as PM 
moving in a 'given angle along another 
ſtraight line AB given in poſition, which is 
called the baſe, - 
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IT. The ſtraight line PM moving along 


the other, is called an Ordinate, and is uſu- 
ally denoted by y. 


III. The ſegment of the baſe AP between 
a given point in it A, and an ordinate PM, 
is called an Abſciſt with reſpect to that or- 
dinate, and is denoied by x. The ordinate 
and abſciſs together are called Co-ordinates. 


IV. If the relation of the variable abſciſs 
and ordinate, AP and PM, be expreſſed by 
an equation, which beſides x and y contains 
only known quantities, the curve MO de- 
ſeribed by the extremity of the ordinate, 
moving along the bale, is called the Locus 
of that equation. 


— 


V. If the equation is finite, the curve is 


called Algebraical *. It is this claſs only 


which is here conſidered. 


' * N 
y I. 
* 


* 


The terms Geometrical and Algebraical, as applied 
to curve lines, are uſed in different ſenſes, by different 


writers; there are ſeveral other claſſes of curves beſides 


what is here called algebraical, which can be treated of 
mathematically, and even by means of * See 


Scholium at the end. | 
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and being reſolved, will give a preciſe num- 
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VI. The dimenſions of ſuch equations are 
eflimatdd from. the higheſt ſum of the expo- 
nents of x and y in any y term. —According 


to this definition, the terms x*, & ), X, 
* I, are all of the ame dimenſion. 


VII. Curve lines are divided into order. 
from the dimenſions of their equations, 
when' freed from fractions and ſurds. 


In theſe general definitions, the ftraight 
tine is fuppoſed to be comprehended, as it is 
the locus of ſimple equations. The loci of 
quadratic equations are ſhewn to be the co- 
nic ſections, which are hence called lines of 
the ſecond order, xc. de 


It is ſufficiently plain from the nature of 
an equation, containing two. variable quan- 
tities, that it muſt determine the poſition 


of every point of the curve, defined by it in 


the manner now deſcribed : for if any par- 


' ticular known value of one of the variable 


quantities, as of x, be aſſumed, the equation 


will then have one unknown quantity only, 


her 


„ 1% | 
ber of correſponding values of , which de- 
termine ſo many points of the curve. 


As every point of the locus of an equa- 
tion has the ſame general property, it muſt 
be one curve only, and from this equation 
all its properties may be derived. It is 
plain alſo, that any curve line defined from 
the motion of a point, according to a fixed 

rule, muſt either return into itſelf, or be 
extended ad infinitum with a continued cur- 
vature. e TY 


The equation, however, is ſuppoſed to 
be irreducible; becauſe, if it is not, the lo- 
cus will be a combination of inferior lines; 
but this combination will poſſeſs the gene- 
ral properties of the lines of the order of 
the DYE dune. 1192 Jo of ata ei 


It is to be obſerved. al along, that the 
poſitive values of the ordinate, as PM, 
being taken upwards, the negative Pm vil 
be placed downwards, on the 5ppofite fide 
of the baſe : | And if poſitive Values of the 
abſciſs, as AP, be aſſumed to the right from 
Us begining, the Negative values Ap will 

wa + dt. 
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be u u the left, and from theſe the points 
= - the Were M, m, on that ſide are to be 
Ae " 


"Is the l eaten of curves it is 
uſual to ſuppoſe the co-ordinates to be at 
right angles. If the locus of any equation 
be deſcribed, and if the abſciſs be aſſumed 
on another baſe, and the ordinate be placed 
at a different angle, the new equation ex- 
preſſing their relation, though of a different 
form, will be of the ſame order as the ori- 
ginal equation; and likewiſe will have, in 
common with it, thoſe properties which 
diſtinguiſh the equations of that particular 


This method of defining curves by equa- 
tions may not be the fitteſt for a full in- 
veſtigation of the properties of a particu- 
lar curve; but, as their number i 18 without 
limit, ſuch a minute inquiry concerning all, 
would be not only uſeleſs, but impoſſible. 
It has this great advantage, however, that 
many of the general affections of all curves, 


and of the diſtin Nn, and alſo ſome of 
the 


W 
the moſt uſeful properties of particular 
curves, may be eaſily derived from it. 


I. The Determination of the Figure of a 
Curve from its Equation. 


The general figure of the curve may be 
foung by ſubſtituting ſucceſſively particular 
values of x the abſciſs, and finding by the 
reſolution of theſe equations the correſpon- 
ding values of y the ordinate, and of con- 
ſequence ſo many points of the curve. If 
numeral values be ſubſtituted for x, and al- 
ſo certain numbers for the known letters, 
the reſolution of the equation gives nume 
ral expreſſions of the ordinates ; and from 
theſe, by means of ſcales, a mechanical de- 
ſcription of the curve will be obtained, 
which may often be uſeful, both in point- 
ing out the general diſpoſition of the fi- 


gure, and alſo in the practical Wen 
of geometry. 


Some more general ſuppoſitions may be 
of uſe in determining the figure; but theſe 
| | can 
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dan be ſuggeſted only from the particular 
form of the equation in view. By ſuppo- 
ſing x to have certain relations to the known 


quantities, the values of y may become more 
ſimple, and the equation may be reduced to 
ſuch a form as ro ſhe the direction of the 
curve, and ſome of its obyzous properties. 


The following general obſervations may 
alſo be laid: down. 


1. If ; in any caſe a value of 3 vaniſhes, 
Hh the curve meets the baſe in a point de- 
termined by the correſponding value of . 
Hence, by putting yr , the roots of the 
equation, which in that fituation are values 
of x, will give the diſtances. on the baſe 
from the point aſſumed as the beginnings of 
, at which the curve meets it. 


= i I ata particular value of x, y becomes 
infinite, the curve has an infinite arc, and 
the ordinate at that point 7 an aſymp- 
tote. 


e 3. If, when x becomes infinitely great, 
7 vanithes, the baſe becomes an atymptote. 
| p 
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4. If any value of y becomes impoſſible, 
then ſo many interſections of the ordinate 
and curve vaniſh, If at any value of x all 
the values of y become impoſlible, the ordi- 
nate does not there meet the curve. 


5. If two values of y become equal, and 
have the ſame ſign, the ordinate in that ſi- 
tuation either touches the curve, or paſſes 
through an interſection of two of its bran- 
ches, which is called a punctum duplex, or 

| through an oval become infinitely little, 
called a punctum conjugatum. | 


In like manner is a punctum triplex, &c. 
to be determined. | 

The following example will illuſtrate this 
doctrine. 


Let the r be bes 5 
and yJ==t SE 4 9 — 


ings — 
Therefore, 35 2 


Let AB be affumed as a baſe on Which 
the abſeiſſes are to be taken from A, my 
We ordinates e ef to it. 


Since 


— — hw 
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Since the two values of y are equal, but 
have oppoſite ſigns ; PM, and Pm which 


' repreſent them, muſt be taken equal to each 


other on oppolite ſides of AB; and it is 
plain that the parts of the curve on the two 
ſides of AB, muſt be every way ſimilar and 
equal. Pe | 


If x is made equal to a, chen var. — 


70. 
which is an algebraical exprefſion for infi- 
nity ; therefore, if AC is taken equal to a, 


the perpendicular CD will become an a- 


ſymptote to the curve, which will have two 
infinite arcs (Obſ. 2.). If x is greater than 


a, the quantity under the radical ſign be- 


comes negative, and the values of y are im- 
poſſible ; that is, no part of nts curve lies 


beyond CD (4.). | 
Both branches of the curve paſs throu n 


A, ſince y g, when x o (1.). Let x be 


negative, and y=zx,/ = ; the values 
of y will be poſſible, if x is not greater than 


6; but, if xb, then y o, and if x is 
greater than b, the values of y become im- 


poſſible ; that. is, if the abſciſs AP be taken 
to the left of A, and leſs than 6, there will 
be 
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be two real equal values of 5, viz. PM, 
Pm on the oppoſite fides as before; if AE be 


taken equal to 5 the curve will-paſs through 
E, and no part of it is beyond E (1. and 


4). 


The portion between A and E is called 
a Nodus. | | 

If y be put So, then the values of x are 
o, o, —b, That 18, the curve paſſes twice 
through A, or A is a punctum duplex, and 
it paſſes alſo through E ag before (1.). 

The mechanical deſcription of curves, 
mentioned in the beginning of this ſection, 
may be illuſtrated by the preceding ex- 
ample. For this . let any numeral 

| values 
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values of a and b be afſumed ; and if ſue. 
ceſſive numeral values of x be inſerted, cor- 
reſponding numeral values of y' will be ob- 


tained, by which ſo many points in the 
curve may be coniſtructed. 


Let AC=a=10; AE=b=12; and, firſt, 


let K I, hav 7 * 


1. 2 nearly, which gives the length of the 
ordinates when the abſciſs is 1; and in the 
ſame manner are the ordinates to be found 
when x is 2, 3, or any other number. 


Thus, if x=6, then y GN 72 12.73 
nearly; and if AP be taken from the ſcale 
of equal parts (according to which AB and 
AE are ſuppoſed to be laid: down) and 
equal to 6, then PM, Pm, being taken from 
the ſame ſcale, each equal to 12.73, will 
give the points of the curve M, m. In 


like manner, if #=—9, y==29,/ d = + 


3:58, nearly, and if AP=9, then PM, Pm 
being taken from the ſame. ſcale equal to 
3-58, will give the points M, m. In the 
he | papa ſame 


_ 


ſame manner may any number of points be 


found, and theſe being joined, will give a 
repreſentation of the curve, which will be 
more or leſs juſt, according to the number 
of points found, and the accuracy of the 
ſeveral operations employed. 

By the ſame methods, the locus of any 
other equation is to be traced : Thus, by 
varying the former equation, the figure of 
its locus will be varied. If ö ro, then the 
points A and E coincide, the nodus vaniſhes, 
and A is called a Cx/pts. 

If 6 is negative, then E is to the right of 
A, which will now be a punctum conjuga- 
tum. The reſt of the curve will be between 
E and C, and CD becomes an aſymptote. 

If ago, then —xy*=x*—bx*, or b 
—x*, which is an equation to the circle of 
which ö AE is the diameter. 


c 


IS 
II. General Properties of Curves from their 
Equations, 


The general properties of 2 lead 
to the general affections of curve. ine * 
Fampie,.. 
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A ſtraight line may meet a curve in a8 
many points as there are units in the di- 
menſion of its equation; for fo many roots 
may that equation have. An aſymptote 
may cut a curve line in as many points ex- 
Fepting two as it has dimenſions, and no 
more. The ſame —_ be radon * the 
tangent. * 


Impoſſible roots enter an equation by 


pairs, therefore the interſection of the or- 
dinate and curve muſt vaniſh by pairs. 

The curves of which the number expreſ- 
ing the order is odd, muſt have at leaſt two 
infinite ares; for the abſciſs may be ſo aſſu- 
med, that, for every value of it, either po- 
fitive or negative, there muſt be at leaſt one 
value of 5, &c. 

The properties of the coefficients of the 
terms of equations mentioned Part II. Ch. i. 
furniſh a great number of the curious: and 

univerſal properties of curve lines. For ex- 
ample, the ſecond term of an equation is 
the ſum of the roots with the ſigns chan- 
| ged, and if the ſecond term is wanting, the 
poſitive. and negative roots muſt be equal, 


From this it en be, 2 OY 


— 
7 * 
o 
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if each of two parallel ſtraight. lines meet 
a curve line in as many points as it bas di- 
menſions, and if a ſtraight line cut theſe 
two parallels, ſo that the ſum of the ſeg- 
ments of each on. one {ide be equal to the 
ſum. of the ſegments on the other, this 
ſtraight line will cut any other line parallel 
to theſe in the ſame manner.” Analagous 
properties, with many other conſequences 
from them, may be deduced from the 
compolition of the coefficients of the other 
terms. | 
Many properties of a particular order of 
curves may be inferred from the properties 
of equations of that order. Thus, © if a 
ſtraight line cut a curve of the third order 
in three points, and if another ſtraight line 
be drawn, making a given angle with the 
former; and cutting the curve alſs in three. 
points, the parallelopiped by the ſegmentz 
of one of theſe lines between its interſection 
with the other, and the points where it. 
meets the curve, will be to the parallelopi 
ped by the like HOT of the other line 
in a given ratio.” This depends upon the 
compoſition of the abſolute term, and may 
be extended to curves of any order. 


II. 


6 
II. The Subdivi if on * curves 


2 1 Le are Sheds into orders Gaia the 
dimenſions of their equations, in like man- 
ner, from the varieties of the equations 
of any order, may different Genera and 
Species of that order be diſtinguiſhed, and 
from the peculiar properties of theſe varie- 
ties, may the. affeQtions of the particular 
curves be diſcovered. 

For this purpoſe a complete — equa- 
tion. is aſſumed of that order, and all the va- 
rieties in the terms and coefficients which 
can affect the figure of the locus are enu- 
merated. 

It was formerly obſerved, that the equa- 


tions belonging to any one curve, may be 
of various forms, according to the poſition 
of the baſe, and the angle which the ordi- 
nate makes with it, though they be all of 
the ſame order, and have alſo certain pro- 
perties, which diſtinguiſh them from the 
other equations of that order. 

The locus of ſimple equations is a ſtraight 
line. There are three ſpecies of lines of the 
ſecond order, which are eaſily ſhewn to be 
the 
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the conic ſectiuns, reckoning the circle and: 


ellipſe to be one. Seventy-cight ſpecies 
have been numbered of the third order : 
And, as the ſuperior: orders become too nu- 
merous to be particularly reckoned, it is 
uſual only to divide them into certain 2 
ral claſſes. 

A complete eee d che curves of 
any order, would furniſh canons, by which 
the ſpecies of a curve whoſe equation Is of 
that order might be found. 


IV. Of the place of Curves defined ' from other 
principles, in the Algebraical Syſtem. 


If a curve line be defined from the ſec- 
tion of a ſolid, or from any rule different 
from what has been here ſuppoſed, an e- 
quation to it may be derived, by which its 
order and ſpecies in the algebraical ſyſtem 


may be found. And, for this purpoſe, any - 


baſe and any angle of the co-ordinates may 
be allumed, from which the equation may 


be 
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| be moſt OY derived, or may be of the 
moſt ſimple form. 

The three Conic Section are of the ſecond 
3 as their equations are univerſally 
quadratic the Ciſſoid of the antients is of 
the third order, and the forty- ſecond ſpecies, 
according to Sir Iſaac Newton's enumera- 
tion; this is the curve defined by the equa- 
tion in page 241, when 6 =. The curve 
delineated in page 239 is the 41ſt ſpecies. 
When b is negative in that equation, the 
locus is the 43d ſpecies. The Conchoid of 
Nicodemes is of the fourth order; the Caſſi- 
nian curve is alſo of the fourth order, &c. 

It is to be obſerved, that not only the firſt 
definition of a curve may be expreſſed by an 
equation, but likewiſe any of thoſe theo- 
rems called loci, in which ſome property is 
demonſtrated to belong to every point of 
the curve. The expreſſion of theſe propo- 
ſitions by equations is ſometimes difficult; 
no general rules can be given; and it muſt 
be left to the {kill and experience of the 
learner, | | 
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This method of treating curve lines by 
equations, beſides the uſes already hinted at, 
has many others, which do not belong to 
this place; ſuch are, the finding the tan- 
-ents of curves, their curvature, their areas 
and lengths, &c. The ſolution of theſe 
problems has been accompliſhed by means 
of the equations to curves, though by em- 
ploying, concerning them, a method of rea- 
ſoning different from what has been here 
explained. 


CHAP. 
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CHAP. III. 
I. Conſtruction of the Loci of Equations. 


HE deſcription of a curve, according 
to the definition of it, is aſſumed in 
geometry as a Poftulate *. 


If 


* A poſtulate in geometry ſeems to be improperly 


called a mechanical principle. No geometrical line 


whatever, not even the ſtraight line or circle, can be 
deſcribed mechanically according to the mathematical 
definition; and therefore the ſolutions of problems by 
the conic ſections, or by any of the higher orders, is 
to be conſidered, in theory, as equally perfect with 
thoſe by the circle and ſtraight lines. It is a rule in 
ſtrict geometry, not to employ a curve line in the ſo- 
lution of a problem, if it can be performed by means 
of a line of an inferior order; but, when a practical 
ſolution is required, then thoſe lines, of whatever or- 
der, or of whatever claſs, and thoſe methods of de- 
{cribing them are to be preferred, by which the con- 
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If the properties of a particular curve are 
inveſtigated, it will appear that it may be 
deſcribed from a variety of data different 
from thoſe aſſumed in the poſtulate, by de- 
monſtrating the dependence of the former 
upon the latter. 

As the definitions of a curve may be va- 
rious, ſo alſo may be the poſtulates, and a 
definition is frequently choſen from the 
mode of deſcription connected with it. The 
particular object in view, it was formerly 
remarked, muſt determine the proper choice 
| of 


ſtruction. required may be moſt eaſily and accurately 
performed. Thus, even the 2d and 3d Prop. of I. B. 
of Euclid are conſtructed in practice, with much more 
eaſe and accuracy, by transferring a diſtance in a pair 
of compaſſes, than by the methods there deſcribed; 
but that principle not being aſſumed by Euclid as 2 
poſtulate, could not be admitted in the conſtruction of 
any problem in his elements. There are but few me- 
chanical operations which- admit of tolerable accuracy, 
and hence the great advantage of arithmetical calcula- 
tions in the practical arts founded on geometry. by 
| theſe the more complicated conſtructions of geometry 
are reduced to thoſe ſimple operations which are found 
by experience to be capable of greateſt exactneſs. 
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of a definition ; the ſimplicity of it, the 
eaſe with which the other properties of the 
figure may be derived from it, and ſome- 
times even the eaſe with which it can be 
executed mechanically, may be conſidered 
as important circumſtances, 

In the ſtraight line, the circle, che conic 
ſections, and a few. curves of the higher 
orders, the moſt convenient definitions, and 
the poſtulates connected with them, are ge- 
nerally known and received. An equation 
to a curve may alſo be aſſumed as a defi- 
nition of it, and the deſcription of it, ac- 


cording to that definition, may be conſider- 


cd as a poſtulate ; but, if the geometrical 
conſtruction of problems is to be inveſti- 


gated by means of algebra, it is often uſeful 


to deduce from the equation to a curve thoſe 
data, which, from the geometrical theory of 
the curve, are known to be neceſſary to its 
deſcription in the original poſtulate, or in 
any problem founded upon it. This is 
called conſtrufing the locus of an equation, 
and from this method are generally derived 
the moſt elegant conſtructions which can be 
obtained 
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obtained by the uſe of algebra. In the fol- 
lowing ſection, there is an example of a 
problem reſolved by ſuch conſtructions. 

Sometimes a mechanical deſcription of a 
curve line defined by an equation is uſeful; 
and, as the exhibition of it by ſuck' a mo- 
tion as is ſuppoſed in that definition, is rare- 
ly practicable, it generally becomes neceſſary 
to contrive ſome more ſimple motion which 
may in effect correſpond with the other, 
and may deſcribe the curve with the degree 
of accuracy which is wanted. Frequently, 
indeed, the only method which can be con- 
veniently practiſed, is the finding a number 
of points in the curve by the reſolution of 
numeral equations, in the manner mention- 
ed in Sect. 1. of this Chapter, and then join- 
ing theſe points by the hand; and, though 
this operation is manifeſtly imperfect, it is 
on ſome occaſions uſeful. | 


II. S olution of Problems. 


The ſolution of geometrical problems by 
algebra is much promoted, by deſcribing 
the 


e 
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the loci of the equations ariſing from theſe 
problems. 
For this purpoſe, equations are to be de- 
rived according to the methods formerly 
deſcribed, and then to be reduced to two, 
containing each the ſame two unknown 
quantities. The loci of theſe equations are 
to be deſcribed, the. two unknown quanti- 
ties being conſidered as the co-ordinates, 
and placed at the ſame angle in both, The 
co-ordinates at an interſection of the loci 
will be common to both, and give a ſolu- 
tion of the problem. | 

The ſimplicity of a conſtruction obtained 
by this method will depend upon a proper 
notation, and the choice of the equations of 
which the loci are to be deſcribed. Theſe 
will frequently be different from what 
would be proper in a different method of 
ſolution. 


PRO B. 
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P R O B. IV. 


To find a point F in the baſe of the given tri. 

angle ABC, ſo that the ſum of the ſquares 
of FE, FD drawn from it perpendicular 
upon the two fides, may be. equal to a gi- 
ven ſpace. a 


Draw BA, CG perpendicular on the two 


ſides, and let FD 
K, FE=y, BF, A 
BC=6,BH=p,CG 
r, and the given. 
pace D FEE 

m. 8 
From ſimilar tri - 
angles, 2: &: : b: , D 


and x 2 E 
Alſo —2: :9::b:; 58 3 * 
ands=b—2; ;there- Þ : | F. 


fore be — ; that 18, r, an equa- 


tion to a Araighs une. 
But 
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But x2 / = m, of which the locus is 4 
circle, having m for the radius. By con- 
ſtructing theſe loci, their interſection will 
give a ſolution of the problem. 

Let KL=CG (=7) be at right angles to 
LM=BH (p), join 
KM, to which let LN 
be parallel; LN is the 
locus of the equation 


j=þ —E; for, let 


any line OPQ be 
drawn parallel to LM, K 
if KP=x, then PQ= 

E, and QO=LM=p, 


therefore PO =p— 
px | 


r 


About the center 
K, with a diſtance 
equal to the line m, let M 


a circle be deſcribed ; that circle will * the 
locus of the equation m*—x?+*; for it is 
plain that if OP be any perpendicular from 
the circumference upon KL, KP being x, 
- OP will be y. Either of the points therefore 
in which theſe two loci interſect each other, 
1 as O, will — OP an ordinate in both equa- 


tions, 


( 256 ) 

tions, KP being the common abſciſs; there 
fore KP, OP are the two perpendiculars re- 
quired, from which the point F is eaſily 
found. | 

The conſtruction might have been made 
on figure 1ſt, with fewer lines. If the circle 
touches LN, there is only one ſolution 
which is a minimum; and if the circle does 
not meet LN, the 5 becomes impoſ- 
ſible. 
When the circle touches LN, the radius 


# muſt be equal to the perpendicular from 
K on LN, or from L on, KM. This per- 


pendicular i is equal to „or a fourth 


3 

rt 
proportional to MK, KL, and LM, and its 
ſquare therefore is the leaſt ſum of the 
ſquares of the perpendiculars from a point 
in the baſe on the two ſides. 

It may be remarked alſo, that the point 
which gives the ſum of the ſquares a mi- 
nimum, is found by dividing the baſe, in 

the proportion of the ſquares of the two 
ſides of the triangle; and this is eaſily de- 
monſtrated from the preceding conſtruction. 
PROB. 
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Between two given Lines to find two mean 
Proportionals. 


Let the lines be @ and 6, and let the two 
means be x and y; therefore a: x: y: b, and 
hence ay==x*, and x=, which are both 
equations to the parabola, and are eaſily 
conſtructed. The co-ordinates at the inter- 
ſection of theſe two loci, will be the means 
required. 


If one unknown quantity only is aſſum- 
ed, or if it is convenient to deduce a final 
equation containing only one, the conſtruc- 
tion of the roots is to be obtained by the 
method mentioned in the next ſection. 


8CHOLIV u. | 
The conſtructions of the two preceding 
problems are geometrical ; but it is ſome- 
times convenient to have a practical ſolu- 
tion, by the mechanical deſcription either 
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of the algebraical lines employed in the ge- 
ometrical ſolution, or of other geometrical 
| lines by which it can be effected. But few 
of theſe are tolerably accurate, ſo that, in 
general, by means of calculation, the prac- 
tical operations are all reduced to what may 
be performed by a rule and a compaſs. 


III. Conſtruction of Equations. 


The roots of an equation, containing on- . 
ly one unknown quantity, may be found 
by the interſection of lines, the product of 
whoſe dimenſions is equal to the dimenſion 
of that equation. And hence problems are 
reſolved without an algebraical ſolution of 
the equation ariſing from them. 

Thus cubic and biquadratic equations 
may be conſtructed by the interſections of 
two conic ſections as the circle and parabo- 
la, which are generally afſumed as being 
moſt eaſily deſcribed. FT 
In order to find theſe conſtructions, a new 
equation is to be aſſumed, containing two 
variable quantities, one of which is the un- 
| known 
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known quantity of the given equation, and 
the other by ſubſtitution is to be inſerted 
alſo in the given equation; the interſection 
of the loci of theſe equations will exhibit 
the roots required. 

Canons may be deviſed for the conſtruc- 

tion of particular orders, without aſſuming 
the new equation. 
The final equation from Prob. F. would 
be ab, which being conſtructed accor- 
ding to the rules, exhibits the common geo- 
metrical ſolution of that problem by the 
circle and parabola. _ 

If an equation be aſſumed, as ay=x*?, the 
other, by ſubſtitution, becomes xy ab; the 
locus of the former is a parabola, and of the 
latter an hyperbola, one of its aſſymptotes 
being the baſe, and the co-ordinates at their 
interſection will repreſent x and y; the firſt 
of the two means is x, and in this caſe q is 
the other. 

Equations alſo might be Ahmed fox to 

give a ſolution of this problem by other 
* combinations of two of the conic ſections, 
one of them not being the circle. 
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As geometrical magnitudes may be re- 
preſented by algebra, fo algebraical quanti- 
ties and numbers may be repreſented by 
lines. Hence this conſtruction of equations 
has ſometimes been uſed as an eafy method 
of approximation to the roots of numeral 
Equations. For this purpoſe, the neceſſary 
ſtraight lines muſt be laid down by means 
of a ſcale of equal parts, and the curve lines, 
on whoſe interſection the eonſtruction de- 
pends, muſt be actually deſcribed ; the li- 
near roots being meaſured on the ſcale, will 
give the numbers required. Theſe opera- 
tions may be performed with ſufficient ac- 
curacy for certain purpoſes; but, as they 
depend on mechanical principles, the ap- 
proximation obtained by them cannot be 
continued at pleaſure; and hence it is ſel- 
dom uſed, except in finding the firſt ſtep of 
an approximation, which is to be carried 
on by other methods. | | 


SCHOLIU MM. 
If the relation between the ordinate and 


abſciſs be fixed, but not expreſſible by a 
; finite 


t 
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finite equation, the curve is called Mecha- 
nical * or Tranſcendental. This claſs is alſo 
ſometimes defined by equations, by ſuppo- 
ſing either x or y in a finite equation to be 
a curve line, of which the relation to a 
ſtraight line cannot be expreſſed in finite 
terms. Wes 

If the variable quantities x or y enter the 
exponents of any term of an equation, the 
locus of that equation is called an Exponen- 
tial Curve. 

Many properties of theſe two claſſes of 
curves may be diſcovered from their equa- 
tions. 


he term Mechanical, in this place, is uſed mere- 

ly as the name of a particular claſs of curves, with- 
out implying that they have any more dependence on 
the principles of Mechanics or Phyſics, than the alge- 
braical curves which have been treated of. 
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A P P E N D I X. 


No. I. 
Continued Fractiont. 5 
I; HE manner of reducing fractions 


to their leaſt terms has ſuggeſted 
another form, in which it is often conve- 
nient to have them expreſſed. The nature 
of this form, or of what is called a cont:- 
nued fraction, will be eaſily underſtood by 


an example. 
+ - | 1 41 "Fi ©. > @ > 
Let there be given —— „Or, which is 
1 0©00CO 


the lame, 3+ — VL. Since 100000=7% 


100000 
14159 14159 
; 14159+887, therefore = 7X 5 
1 $2 314159 | 
887 =, and 1000 = 3T 387 . 3 
71 
14759 e 


* 


Now, 


. 


— - —— - = — 
I= CS OT TIES TE — == 
* . —. — — — 
— — 2222 Ra 


=> A * wa - 
: 
we —? 4 > 


'Y] 
by. 
19 
1 t N 
1 
1 
f 


— 


— 2 — = _ "== x — — Ng 
— ego ng —— — — 
— — — 1 —— — _ 
\ : = roy 3 5 
* 8 — > 


3:3 


887 887 


2 
Now, 1 14159 15 x 887854 854 and 
15 ＋7 
887 
RY this for = IS in the value of 
ws 9 already found, we have © 2 
100000 100000 
4755 
11... hi be, 
Again, 887 884 T3 gs 
ing ſubſtituted as before, gives — 299 
100000 
: 1 
34— 1 
3＋ 7 Tic. I 
1+35_, 
854 af 


By continuing to reſolve the fraQion Ip 


and thoſe formed from it, in the ſame man- 


1 29 I 


33 
ner, we have 
33 29 
1 I 


and ==» whence, by ſubſtitution, 


ioo000 ITT 4 wo 


2. 


(37 
2, By the ſame means, may any frac- 
tion be reſolved into the form, 


R 
* To +, &c. 
and it is then called a continued fraction. 
This formula may be expreſſed in words, 
by ſaying, that the reciprocal of d is to be 
added to c, the reciprocal of that ſum to 6, 
and the reciprocal of this laſt ſum to a, in 
order to have the fraction required. 


3. The inverſe of the preceding opera- 
tion, or that by which a continued fraction 
is reduced into the form of an ordinary one, 
is eaſily derived from this explanation. 


Thus, if the fraction be 


* OR 1 
C 8 


then the reciprocal of 4 added to c, or 


de 
＋ = * the reciprocal of which, 


1 4 
=77x; being added to 6, gives f 


bed+b4+4d . . — 
=7x7” and the reciprocal of this laſt, 


VIZ, 


— . er er enee———_—_——_ — 9, 
- 
: 
5 


4 


— 


(6) 


cd. 


viz. 7743577 being added to a, gives 


. I 
abci+abHSad+cd+1 =a+—> 


bed+6v+d © 5 N 


4. One of the chief advantages derived 


from this manner of expreſſing fractions is, 


that it enables us to find a ſeries of other 
fraQions that approach in value to any gi- 
ven one, and each of them expreſled in the 
leaſt numbers poſſible. 


- * | I 1 
Thus, in the given example 2D which 


is known to expreſs nearly the proportion 
of the circumference of a circle to its dia- 
meter, and which we may call æ, if we take 
only the two firſt terms of the continued 


fraction into which it was reſolved, viz. 


3+7 , we have 17 nearly; and this is 


the theorem of Archimedes, 


If we _ the three firſt terms, we have 


333 
| 1=3+7 7 +1 ies 106? - 


1 


which is nearer to the truth than the former. 
| 1 And 


(+3 
| And, if we take the four firſt terms, making 
©, 3555 


FTI 4 = 213 


we have the 3 of Metins, more 
e tact than either of the preceding. Theſe 


reſults are alternately — and leſs than 


the truth. 


28. Among continued fractions, thoſe 
have been peculiarly diſtinguiſhed in which 
the denominators, after a certain number 


of changes, are continually repeated in the- 


ſame order. Such is the fraQion 


The amount of this fraction, though con- 
tinued ad infinitum, may be eaſily found; 
for. if x be the amount of all the terms bur 
the firſt, 1 is an integer, (=1), fo that 


* 2 W fl 


3+, Ke. | 

Then, ſince, after the 2d, all the fractions 
return in the ſame order, their amount is 
alſo x; therefore 


7 


1 
* 
7 
5 
, 
, 
| 
1 
i 
# 
© 1 
1 * 
* 
. 
' i 
þ 
N 
> 
9 


— — 


r 


— 


> gw» 


. 


1 


Nez a. 


"FE. 


T 3 
Hence x Hiri, and æ*＋ * and 


. Therefore x+1, or the 


—I+Y15, 
wir an, TT 


In general, if x== +3 
Ges «+ Go. + 


we find 2424 Ar. +> Though 
the denominators did not return in the ſame 
order till after a greater interval, the value 
of the fraction would ſtill be expreſſed by 
the root of a quadratic equation ; and con- 
verſely, the roots of all quadratic equations 
may be expreſſed by periodical continued 
fraQtions, and by that means may often be 
very readily approximated in numbers, 

without the extraction of the ſquare root. 
6. The reduction of decimal, into the 
form of continued fractions, ſometimes ren- 
ders the law of their continuation evident. 
Thus, 


„ 


Thus, we know that /2=1.4121356+ ; 
but, from the bare inſpection of this deci- 
mal, we diſcover no rule. for its farther 
continuation, If, however, it be reduced 


into a continued fraction, we find it 


I 
—y +, 1 
8 8 
2 +, &c. 
and we ſee in what manner it may be car- 
ried on to any degree of exactneſs. 


* 


* 
* 
- 


— — 


(en 


A P P E N DI X. 


No. II. 


— 


Indeterminate Probleme. 


THE indeterminate problems of the 
firſt and ſecond order, after all the un- 
known quantities, but two, have been exter- 
minated, lead to equations of four different 
forms. 


1 * 2 — 
II. yy = 7 pony 
— a+bs 

III. y = 


IV. „ = Vale. 


In all theſe formulas, a, b, c, a, denote 
given numbers. In the three firſt, x is to 
. | * 


61859). 


be found, ſo that y may be an integer; 
and, in the fourth, x is to be found, fo that 
y may be a rational quantity. 


1. When y = 2 che ſolution depends 
on the rule for deducing a fraction to its 


loweſt terms. See the text, page 125. 


2. Wen, J =5-—> it 1s plain that, in 


order to have Ys an e b+cx muſt be 
a fivilge 9k a Let 4 be. one of its divi- 


=; ſo that 


#4 the diviſors of « a, we as find one, 
if poſſible, from which 6 being taken away, 
the remainder may be diviſible by c: the 
n is a value of x. 


3. When tage, if 4 be a diviſor of 


b, x will be Fest out of the numerator, if 
we divide it by dæ ge; and this form is 
chen reduced to the preceding. But, if 4 
is not a diviſor of þ, multiply both fides by 
| d, then dy =D od or, dividing bdx a 


by 


c+ dx 


613) 


by dx-Tc, b 4e, and ſo & is found 


by making c d= pra, to a diviſor of 
ad—bc. 


Example. 
Let 2xy+x+3=195; then y (2x+1)= 
195—x, and = = Therefore 2y = 


1 5 Now 391 17K 23, 


I+2x 
and if ee and 511. 


4. When y= Va Tex, and x is to 
be found, ſo that y may be a rational quan- 
tity. Here there are four caſes, according 
to the nature of the coefficients a, ö, and c. 


Imo, If a be a ſquare number, as for inſtance 
9, ſo that the formula is . g*Þbx+o®. 
Suppoſe . TNT = g +,mx, then 
g bx + cx* = g® + amg m*x*, or bx 
cx* = 2mgx + mx", that is, 6+ cx = amg 
2mg—b 


4— 


mx, and x = 


It 


{ ( aa') 


| If for x this value of it be ſubſtituted in 
the given formula, its irrationality will dif- 


appear, and Ver Tba Fc = n 


c— 


m may be aſſumed, therefore, equal to any 
quantity, poſitive or negative, integral or 
fractional, and the correſponding value of 
x will anſwer the conditions preſcribed. 


-- 240," If c be a ſquare number, as 95 
then let / a+bx+5* * te Hence 
Te n Fange ; or a+bx 


=m + 2mge. Therefore x —.— =, and 


2mg 
r = e ee 56 


2mg 


before, may be aſſumed at pleaſure. 

310i, Though neither a nor c are ſquare 
numbers, yet if ai c can be reſol- 
ved into two ſimple factors, as f+gx, and 
Ble, the irrationality of the formula may 
be taken away. For, let Ja TÆTcx= 


=v(f+gx) (b+kx) =m(f+gx), and 
(Hax (Ax =m*(f+gx )*, or h+kx 


| == (Fe); and x _ By the ſub- 


; fltution of this value of 5 12 being aſſu- 
| med 


6 


med at pleaſure), the nn will be 
removed, as before. 


4, The fourth caſe, in which the for- 
mula a & c may be rendered a com- 
plete ſquare, is when it can be divided 
into two parts, one of which is a complete 
ſquare, and the other a produd of two 
ſimple factors. For a+bx+cx* is then of 
the form p*—gr, p, 9, and r, being quan- 
tities into which there enters no power of 
x higher than the firſt: And, if we aſſume 


P p*+gr=p+mg, P. will be extermina- 
'ted, and the remainder, being divided by 
q, will be a ſimple equation, from which 

* may be eaſily determined. 


Theſe methods of removing the irra- 
tionality 'of the preceding formula are to 
be particularly attended to, as being of great 
uſe in the higher geometry. 


— 


APPEN. 
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APPT. 


No. III. 


ag 


Extermination of unknown Quantities, and 


of Radicals. 


I, HE extermination of unknown 

quantities from ſimple equations, 
may always be performed by ſubſtitutions, 
but ſometimes more eaſily by the addition, 
and ſubtraction of the equations themſelves. 
This laſt method will be beſt explained by 


an example. 


Suppoſe that ax-+by=c, and dx+/y=g, 
where a, 6b, c, &c. are given quantities, 
that may be either poſitive or negative, 
To exterminate y, multiply the firſt equa- 
tion by /, the coefficient of y in the ſecond, 
| Nn and 


( 18 ) 
and the ſecond by 6, the coefficient of y in 
the firſt, and ſubtract the latter from the 
former ; we have | | 
8 LG 
| bax +bfy = bg, 
And therefore / -d fe-, 


2 
| In the ſame _ag—cd 
| manner, = 


2. Let there be now three unknown 
quantities, and three equations, viz. 
"> ax+by+cz>+d=0o, 
| rg o, 
ego; 
multiply the firſt by B, and the ſecond by 
c, then, by the ſubtraction of the one from 
the other, 2 will be exterminated ; for 
ahx+bhy+chz+dh=o0, 
= Cfxthegy+$+ehu+>l S. 
and (ab—cf (B- Dy Ab- oo. 
In the ſame manner, an equation with- 
out 2, is found from the ſecond and third, 
WE 
e 
From 


( 19 ) 
| From the two laſt equations,. y is to be 
exterminated, as in the former example, 


and we will then have, 
1 beg CH- - (db—d ) 
(ab = un) 
Alfo + —( ob—ef )(lp—hq )+(fp—hm del; 
JE ab- -n) 
eu = - Al In—gg) 
And a = f= ea; 


3. By the ſame method may the un- 
known quantities be exterminated from e- 
quations of the higher orders; but it will 
then be convenient to write ſingle letters 
inſtead of the coefficients, whether known 
or unknown, of the different powers of the 
quantity to be exterminated. For exam- 
ple, let y*—3xy+Faj—x*= 

and y*—by+ 2ax—4x*+6*=0; 
to exterminate . 


» As the coefficient of y* is 1, in both e- 

[ quations, no ſubſtitution for it is neceſſary, 

1 but that the method may be general, -we . 
3 


ſhall ſuppoſe A=1,B Saz, ——— 
alſo, in the ſecond equation, DI, E=—6, 
a 4 | F 


( 26 ) 
F=2ax—4x*+0*; the two equations are 
then | | 

 AY*+By+C=0, 
and Dyz*+Ey+F=o0. 
To exterminate y*, multiplying the firſt by 
D, and the ſecond by A, we have 


ADy*+BDy+CD=0o, 
ADy*+AEzT+AF o; 
Therefore (BD—AE)yz+CD—AF So, 


ad 7 =p 
I 
Again, to obtain another value of y, mul- 
tiply the firſt equation by F, and the ſecond 
by C; then 
AFy*+BFyz+CF =o, 
and CDy*+CEy+CF=0, 
therefore ( AF—CD )y*+(BE—CE )y=0. 


that is, (AF—CD )y+BF—CE=0, 
_ CE—BF ' 
or, Y AF-TD' 


th f AF—CD CE—BF 
erefore BD—AE— ACD 


or (AF— CD) (BD—AE) (CE—BEF). 
As 


\s 


; ( 21 ) 


As y does not enter into this equation, 
if we reſtore the values of A, B, and C, 
we have an equation involving only x 
and known quantities, and have thus ob- 
tained a general theorem for the extermi- 
nation of one of the unknown quantities 
from any two quadratic equations. In the 
preſent caſe, the equation becomes, 


(+2030 =(bw—(amga)(P208 
4x*))(a+b—3x),. or, | 
27 *. Za 2a"X*—20*xX—a"b* =O 
—15bx3+11abx* + 2ab*x—ab3 
— 2b * —20a*%x—b4, 
+36*x. 
The ſame method, it is evident, may be 
applied, whatever be the number, or the 
order of the equations. 


4. By a ſimilar proceſs, the radical quan- 
tities that enter into any equation may be 
exterminated. This cannot always be ef- 
fected by involution only; for, on the 
contrary, by that operation, the number 
of radicals may fometimes be increaſed. 
The method, on the other hand, which 
we are going to lay down, is univerſal : 

WW | 6 


} 


( 22 } 
It conſiſts in making each ſurd quantity e- 
qual to a new unknown quantity, and in 
exterminating from theſe, and from the gi- 
ven equation, all the unknown quantities 
but one, in the manner that has been ex- 
plained. | 
Let there be given x—*\/a*x— v x*—0* 
oO. Make *\/a*x=y, and YK -, 
then z—y—2=0, -K , and 2*—x* 
Taro. From theſe equations & is eaſily 
exterminated, by taking its value in the firſt, 
and ſubſtituting it in the laſt ; we have 
then z=x—y, and 2*=x*—2yx+5?, fo 
that—2xx+y*+a*=0,or y*—2xx+a*=0, 
| Now, we have alſo Y- o, and it re- 
mains to exterminate from theſe equa- 
tions. 


(A) -x O 


(B) -a O 

A into y y3—2xy*+a*y=0 

B ſubtracted | —2xy* +a'y+a'x=0 

A into 2x +2xy*—4x*3+2a*x=0 - 


Add theſe laſt, (C) (a*—4x*)y+ 3a%=0 
| Therefore 


bi 3 


Therefore y= _—_— | = 
| a —4* . 1 
C into y (a'—4x?)y* + 3a*xy=0 


A into (a*—4x*) (a — 49 —24"xy+8x3yha\—40* * 
This ſubtracted, (5a 'x—8x3)y +44" * e | 


Therefore, y= 10.9 Oh 
5a XxX 


Hence, equating the values of y, we have 


aan 

$a x—&x3 = 
And (a— 4K ) =—-3x( 5a x—Bx?) 
Or 8x*—7a*x*—a* =0, 


The given equation, when freed from 
radicals, is therefore no more than a qua- 
dratic. | 


5. It is to be obſerved concerning all 
theſe exterminations, that, if m and x be 
the orders of two equations containing x 
and , the order of the equation that reſults 

from 


3 
from them, ought not to exceed mn. It 
may be leſs, as in this example; but, if it 
come out greater, the equation admits of a 


diviſor, which, in moſt caſes, will be eaſily 
diſcovered. | ; 


APPEN. 
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A PP E ND IX. 


No. IV. 
Approximation. 


i. AR ISAAC NEW TON's method of 
approximating to the roots of 
equations is rendered ſomewhat more ſim- 
ple, by making all the ſubſtitutions in the 
fame formula, ſo that each ſtep may be 


derived from the preceding, preciſely in 
the ſame manner. Thus, in the example 
of the text, page 208, viz. x*—2x—5=0, 
if A be any approximation to the root, and 
c the correction to be made on it, in order 
to have a more accurate value of x, that is, 
if A+c=x, then 
* A*+3A*+3Af*+c,, 
—2x= — 2A —2c, 
e ys 
O o | Theres 


6 26) 


Therefore, A — 2A —5 +3A*—2c+ 
3Ac + S, and rejecting the terms 
where cis of a higher power than the firſt, 
we have A — 2A — 5+3A*—2c=0, or 


—A3+2A+5 
C=— : 
JA*—2 


The correction c, thus found, being ad- 
ded to A, or ſubtracted from it, according 
as it is politive or negative, will give a 
nearer value of x; and this value being in 
its turn ſubſtituted for- A in the formula, 
will give a new correction, by which it 
will be rendered ſtill more accurate. We 
may continue theſe operations till any aſ- 
ſigned degree of exactneſs is obtained; and 
it will conſiderably abridge the labour, if, 
in raiſing the powers, at each ſtep, we 
avail ourſelves of thoſe that were raiſed in 


the preceding. 


—A3+2A+5; 
34 —2 


be more conveniently expreſſed by per- 
forming the diviſion by 3A*—2, in part; 


Ars 
* 


2. The correction 


» may 


we have then c= -A 


In 


01:27" ) 
In general, if x*+px*Lgx+r=0, be 


any cubic equation, A a near value of x, 
and c the correction to be applied to A, to 
give a value of it ſtill nearer, then 


BR A*+pA* +9Ar, 

JA +2A+y 
ä IESAtY 
8 3A T ο 


It is evident that this method of approxi- 
mating extends to equations of every order, 
and to thoſe with literal as well as with nu- 
meral coefficients. 


3. The corrections by which we appro- 
ximate to the root of an equation, form a 
ſeries of terms that gradually decreaſe, each 


of them being leſs than the preceding; and 


this circumſtance has ſuggeſted another me- 
thod by which the terms of ſuch a ſeries 
may be directly inveſtigated. This is called 
the method of indeterminate coęſſicients, and 
is of very extenſive uſe in the higher parts 
of the mathematics. To explain the nature 
of it, let us ſuppoſe that the equation to be 
reſolved is x*qx—r =o. It is plain that x 

| depends, 


68 


depends on ꝙ ande only, and is therefore 
equal to a certain combination of the powers 
of theſe two quantities. | 

In this combination of powers, let A be 
the ſum of all the terms that do not in- 
volve 9; Be the ſum of all thoſe that in- 
volve only the firſt power of ; Cg* the 
ſum of all thoſe that: involve only the ſecond, 
&c. Then x=A+Bg+Cqg*+Dg +, &c. 
where, according to circumſtances, the ſe- 
ries may either terminate, or continue ad 
infinitum, and where A, B, C, D, &c. are 
quantities that depend only on 7, and are 
in no way related to 9. Let this ſeries and 
its powers be ſubſtituted for x and its pow- 
ers, in the given equation, we have then, 


x*= A®%þ3A*Bg9+3AB%g*+3A*Dgp+ 3AC*9++, &c. 
 +3A*Cq*+6ABCq3+ 3B*C#* , | 
+ Big +6ABD44 # 
+ 3A*Eg* . 


Tr + A½ + BY + Cr P., Kc. 


— r — . 


1 Now, it is not enough that the whole 
amount of theſe terms, when taken toge- 
ther, ſhould be equal to o, for this would 

infer 


629) 


infer a certain relation between A, B, C, 
&c. and the quantity 9, contrary to the 
ſuppoſition. The quantity , therefore, 
muſt diſappear from the equation; and this 
can no otherwiſe happen, than by all the 
terms, where q is of the ſame dimenſion, 
being together equal to o. Therefore we 
have A*—r=0; 3AB+1=0; 3AB*+ 
3A*C+B =o; 3A*D+6ABC+B*+C=0; 
3AC?+ 3B*C+6ABD +3A*E +D=0; 
Hence Amr; B=—"13 G=03 Un 
— E — &c. the coefficients 
8177 2437) 

A, B, C, D, &c. are thus determined in 
terms of r, as they ought to be, and ſo the 


ſeries, 
A+Bg+Cq*+Dg+Ez*+, or 


LI 3 4 
* — 4 — ., &c. 


5. A few terms of this ſeries will give 
the value of x very near the truth, provi- 
ded 9 be a ſmall quantity, in reſpect of 
7, and each term of conſequence much leſs 
than 


63 
than the preceding. A ſeries is ſaid to 
con verge when its terms decreaſe in this 
manner; and it is evident that this ſeries 


will converge the faſter, the leſs that 9 is in 
3 of v. 


6. As in the equation x*+gx—r=0, 
x muſt depend on the two quantities and 
7, we may either ſuppoſe x equal to a ſe- 


ries A+Bg+, &c. as has been done; or 


to a ſeries A+ Br + Cr* + Dr ＋, &c. 
where A, B, C, D, are quantities that in- 
volve only 9, and are to be determined as 
in the laſt example. But as, on trial, we 
would find, in this inſtance, the coefficients 
of all the even powers of r to vaniſh, we 
may aſſume the ſeries, ſuch as to involve 
only the odd powers of , ſo that x Ar 
wt wt &c. Then, by ſubſti- 


tution, 


A3r34+3A Br3+3AB*"+3A*Dr%+, &. I 


+3A*Cr7+6ABCr? 
+ B57 


V — 


+qgx= Agr+Bgri+ Cr Der? + | Eqr®+, Ke. 


Therefore, 


(0-873 
Therefore, equating the coefficients of 
the terms where / is of the ſame dimenſion, 
Ag—1=0; A'+Bq=0; 3AB*+ AC. 
＋ Deo, &c. Hence A=— B==— 
C= 2 D=—=—= &c, ; and therefore 


This ſeries will converge the more ra- 
pidly the leſs that 7 is in reſpect of , and 
therefore will become uſeful juſt when the 
other ceaſes to be ſo. 


7. In inveſtigations of this ſort, a diffi- 
culty ariſes, both with reſpe& to the firſt 
term, and the progreſſion of the exponents, 
in the ſeries to be aſſumed. But this will 
be avoided, if we aſſume x B, 
(4 being the quantity according to the 
powers of which the ſeries is to proceed), 
and ſubſtitute theſe two terms for x in the 
given equation. It will then be eaſily diſ- 
covered what values muſt be aſſigned to 
m and u, in order that the equating of the 
coefficients, of the like powers of 9, may 

8 lucceed, 


* 


\ 


( 3) 
ſüccesd. When m and are found, the 


initial terms of the ſeries,” and the progreſ- 


ſion of che ex ponents are both determined. 


8. By the ſame metliod of aſſuming a 
ſeries with indeterminate coefficients, even 
the more common operations may be faci- 
litated; evolution, for inſtance, may be 
converted into involution, and diviſion into 
multiplication. 

Let it bs required to extract the ſquare 
root of a*—x?*; aſſume V 2 Arx 
+ Cx*+Dx*+, &c. then ſquaring both 
Pi and tranſpoſing, 83 


A þ2AB&*+2AC%4+ 2A DE 5 &c. 
„ B 2BCx* +, &c. 


tex 


Hence AA O; 2AB+1 o; 2AC 
B*=o; AD +BC=o, &c. From theſe 


equations we have Ama, B=— 709 Cz= 


24 
Ry: he 
TraP=—= 7, ebe. Therefore V 
4 a® 
** * 


6 


9. As an example of the application of 
the ſame method to the finding of a quo- 
tient, let there be given the fraction 


. and let D = A + Bx + 
Cx*+Dx*+, &c. 

Then multiplying by a+ bebe”, and 
tranſpoſing all the terms to one ſide of the 


equation, we have, 
[ aA-+aBx+aCx* +aDx3+, &c. 
Abx+Bbx +Cbx*+, &c. 
271 Adx BX +, &c. 
1 


Hence A —1 =0, aB+Ab=o, aC+Bb 
+ Ad =o, WET EO that is, 


A=— B=—= e wig &c. Here 


the law of continuation is evident, the co- 
efficient of each term being derived in the 
ſame manner, from thoſe of the two pre- 
ceding terms. | 

In caſes where both diviſion and evolu- 
tion are to be performed at the ſame time, 


| I VI -.. 
as in the expreſſion e or Iz this 


method will be found more n 
than any other. 


Pp ArHERN. 
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& P'P-E'MN-D-1. 66 


No. V. 


Of Logarithms. | 


* 


\ LL affirmative numbers may be con- 


ſidered as powers of any one given 
affirmative number. The powers of 2, for 
inſtance, may ſucceſſively become equal, 
either exactly, or within leſs than any aſ- 5 
ſigned difference, to all numbers whatſo- 
ever, from o upwards. Thoſe powers which 
have integers for their exponents, viz. 25, 
2', 2, 2, 24, &c. give the geometrical pro- 
greſſion 1, 2, 4, 8, 16, 32, &c. and the 
intermediate numbers are expreſſed, at leaſt 
nearly, by powers of 2 having fractional 


1.58496 


exponents, Thus, 2 = 3 nearly ; 


2.321 2.58496 a | 
2 9 4 e 65 &c. 


In 


= 


36 
In Hike manner, might the powers of 10 
be taken td expreſs all numbers; thus, 


eee er 
10* bs 10 =2, 10 = 3, &c. 


—1 e 
10 , 10 FR Gee. the nega- 


tive powers of 10 being now employed. 
In the ſame manner,” any other number, 
even a fraction, might be taken, in place 
of 2 or 10, in the preceding examples, 
and ſuch exponents might be found as 
whuld* give its powers equal to all durnbers, 
from R 

There are, therefore, no ae with 
reſpect to the magnitude of the number, 
of Which, the powers are to repreſent all 
other numbers, except that it muſt neither 
be equal to unity, nor negative. If it be = I, 
then all its powers will alſo be =1 ; and | 
if it be negatiye, there- will be numbers to 


which none * its powers can | poſſibly be 
2. If, therefore, y denote any number 
whatever, and à a given number, 7 may be 
found ſuch that * =; and u, that is, the 
| | exponent 


( & } 


exponent- of” a, which gives a power equal 
40 y, is called the logarithm of y. In the 
common tables of logarithms, a=10. 


3. Hence the properties of — 
are eaſily deduced, 

The ſum of the Jogarithine of « any two 
numbers is equal to the logarithm of their 
product. Let 6 and c be the numbers, m 
and z their logarithms, ſo that *, and 
@ c, then a” X a" = be, or a be; 
ma, that is, the ſum of the logarithms of 
b and c, is therefore, by the definition, the 

e of bc. 


| pe The difference of the logarithms of To . 
two numbers f is equal to the logarithm bf | 
their quotient. For, if any and . c, 


m 5 7 | 
\2-=—, that is, a“ =; — or the | 
e Cc 


difference of the logarithms of 5 and 6. is 


$-_- 2 Tabs. — —— — 


Gato the logarithm of 58 
c 


5. Hence log. b=1 log. ö. For 6" is 6 
multiplied i into inſelf, 1 ae of times; 
7 1057 uad 


' 


1 


( 38 ) 


and therefore the log. of 6" is equal to the 
log. of b.zdded to itſelf a number of times, 
or to 72 log. 5. Ibis is true, whether z be 


an integer or a Aen. 


6. The a of, any 65025 term 
whatever may be aſſigned by theſe rales: 


Thus, log 938th =, og — log. 4 


+ log. b—— log. 2—3 log. c. 

7. There are different ſyſtems of loga- 
rithins, according to the radical number 

employed. Thus, if 10 be taken for the 
radical number, or that whereof the powers 
are to become ſucceſſively equal to all num- 
bers, we have the common or tabular lo- 
garithms. In the logarithms firſt conſtruc- 
xd by Lord Napier, or in what are called 
 Gyperbolic logarithms, the radical number is 
2:71,82818+, &c. 


In different ſyſtems, the Ie berthme of 
the ſame number are always in a conſtant 
ratio to one another. Suppoſe that, in one 

ſyſtem, a = b, and in another, * 8, 
whatever-'b be, „ will be to m in the ſame. 


For- 


639) 


Pc 


W 
3 


For a*=b=7", therefore a" == x. The 
fraction © therefore depends only on the 


9 a and r, and muſt we the fame, 
whatever be the value of 6. 


' 2 
14 


Thus, the tabular * of aps num 


ber is to the hyperbolic, as the tab. log. 
of 10 to the hyperbolic logarithm of 10, 


that is, as 1 to 2.302585 , &c. The 


logarithms of any one ſyſtem, therefore, 
being computed, thoſe of any other may 
eaſily be found. In all ſyſtems, the loga- 
rithm of I is o. 


8. When he Kats of any number 


1s given, that of a number, a little greater 


or leſs than it may be found by the bined 


mial theorem. If, for inſtance, we have 


the logarithm of 1000, which in the com- 
mon tables is 3, we can eaſily find that of 


1001. For, ſince 1001=10001 = 1000 
(i+7z35), therefore log. 1001 = log. 
1000 + log. (1 + ES) = 3 J log. 
(Ire). The computation of the lo- 


garithm of 1001 is therefore reduced to 
that of 1 r; and, in genergl, the _. ;.- 


com- 


not very different from one of which the 
logarithm is given, is reduced to that of 


computation-of the logarithm of a number, 


the logarithm of e, * * a ſmall 
— en F 


8g : 


„debe ds, that ra- 
dical number, that is 10, being 21 +6, 


Then 1+#=(1 +BY, J or raiſing both ſides 


of .this equation. to. the power 5, (i-) 


— 1, and reſolving both into Tories, 
by the Vinomial theorem, „ e fn 


508 . = 


N , e . &c. = = 


| besagen 1 A—2 7 * 


c. Thetefore, kid 1 fm bein fes 
and dividing by A, XT. x A EE 
+; &c. . DD 8 Þ 


2 — 3 

+, &. : 
Now, if Ais a a very {mall fraction, as It 
mult be, on the ſuppoſition that x is ſo, We 
have A—1=—1, nearly; —2 2, 


TO Se. ONE FO ee 


comes 


( 4) 


comes, * — + * + I — 4 , &e. N 
r, een and 


A , Ke. 
e 2 ＋, &c. 


9. The ſeries in the numerator nad his 


fraction converges, becauſe x is ſmall ; bur. 
the ſeries in the denominator, where b=9, 


diverges, each term of it! being greater 


than the preceding. In order that, if poſ- 
ſible, it may be transformed into another, 
which, by converging, may afford an ap- 
proximation to the truth, let its value m, 


then X= log. (1+x)-=5(4—1x*+35— 


4 , 0 Now, if be negative, 
log. 6b A &c. 
Therefore log. (1-+x) — leg. (1 l 


(x +4x* + 4x5 +, &c.); chat is, log. = 4 


1— 


=ZH(x+4*+3x*+, &c. l. 


Let = = 10, then log; 2 = tos: 


10 = 1, and alſo x = 2, therefore 1 =; 


Gr 2, +,' &c.), or 
+ Lg + Ke) This 


147 5.11 


QA ſeries 


mz2 ( 


— = ” — Ol EEE ̃ II 
— - 


1 
ſeries converges, o its value; that 2 . 1s 
found =2, 392 og. &c. Having 
tained a value of 1 Te is evident * A or 
log. 1+x, x being any ſmall fraction, is to be 
found from che. ſexies al - 1 x*+ 43 — 
3x* +, &c.). | 


I of 
o. When, by help of this ſeries, or 
a of the ſame kind, the logarithms of 
the prime numbers are 3 thoſe of 


* i th, S 


32 are known, we | ave from thence 1 e ro 


Sarithris of an infinity of other numbers; 
Jog. 4 4 log, 2; TY 6 log. 2 Tlog. 3; 
log. 5 = log. 10. — log. 2. = i —Tog; 2; 
log. 8 2 3 log: 2; log. 9 leg 33 log! 12 
E leg, 2 + log. 30 Kec.; allo log. 20 . 
I . 5s log. 0 
= 1 ＋ log. 3, &c. * 


21 I * 21 FS,. — 


18 oy n * 


* 
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2 799 
"HE n of algebra to  trigo- 


- 


x . gometry has given riſe to a calcy-- | 


ins o of a particular kind, Which i is of great 
uſe in the higher geometry. The following 


theotem | 18 the foundation of | it. 


2 * 
— Py 


N 1. „Let a and b be any. toro arches of * 


eirele, ol which. the radius . lips (a-+b) 
= find a N. 8. 6 + cos N ſim . +. 


In the tri- er ol 
angle CAB let F 
| A 18 B be 
F the given an- 
— gles, then fin. | I 
A, ACB = fin. A — B 
) (ab). Draw D 
b | CD perpendicular to AB, Then, becauſe 
AC 


1 
B : ſin. 54 ih. ab atid ſim. G 
IL ,ABX CD. - 
S 
ee . 8 Now, 


* . * £2 AB a= = b; likewiſe 
Tx — ſin. a, and g e eos. l. Therefore 


in. a+ 5 fi #% Tos, Þ*4"'Gos. N 
An. . CE. D. X n = 5 


& na 


: 
S W c S 


175 


a.6n - — 418 2 = 1 n 
_— s⁰ο IM. 
42 1 — ht . 744 * — 51 — 15 


* a. this 1 theorem, FE, in woe which * 
Tow, it is ſuppoſed that the ſine aud coſing 
an_arch leſs than go* a are. boch affirma- 
e. Theſe two ſuppoſitions are arbitrary; 
22 when they are once laid down, it fol- 
In necellarily, that the ſine af ang arch 
Jeſs than, 189“ is affirmative, but chat he 
ſine of an arch greater than 1805 is nega- 
tive; alſo, that the coſine of an arch be- 
teen go“ and 270 is negative, but that 
* an arch between 270* and 360% the co- 
, | line 


rech se * "ey —, or from — to 
+, its ling, undergoes a 123 — 


coline * r 
{1A 


"54s in che pre FER — w- 
poſe the arch b to-þ&0me. negative, then 
fin, 5 will alſo, be gegative, and therefore 
ſin. a — b = fin. 4 X cop, U — D 
ſin. 6. 


III. Cos. a+b= cos. a X cos. b— fin. a 
X fin. 6. » For, eos: a*-b = fin. (90%—a 
— b) = fin. c — 6, making go* — 4 = c. 
But fin, 2 bg. X cos. b— cos. c 
fin. 6; now ſin. 2 cos. a, and cos. 42 
Yn. a, therefore "fin. c c=b, "thay is, cog, C 


dey N. cod. bee 


wwe 


IV. I, in the laſt theotetn; we thake' 
Fog fin. 5 will alſo become negative, 
n = cob. 4 * cos: b 
e a * fin. * KO ab, 063 56:10 

aa e tis : v4 
ade. Fe Ki theorems We derive-the 
along e bete den an Is 


ik») 
r FDM ebe. 
e 
/ £08. YG > Yd. 5 ; merefble Hh. a 
Ps CH AEIL TEL Iv 
ml itt N Kit ei 2803 dT. Al 

FL ee he ame us 
eb 4. £ of 


nistdo gw ai 


by thear, 4. cb a = G N 0. 4 
+ fig. 7 & ku 3; ann 


Tena aK cond. 


vill. Again, dare 8 M nnem 20 $1: 
by ſobtraQing, EIS 


— cos. 4 — 6 1 or 


eos. e TI "a x 


. th 2020 + as 607 a + En 202 9 


3. By Rb of theſe theorems Je p pro- 
duQs and powers of the ſines and coſines 
dk uche GARY 56 es Preffcd if terms of tlie 
füms or differences Uf —— 2 
of Gait} WUHPIES bf tbole arches: "© 
7 nd. 5 . cha. 


6,if6=a, 2 ſin. a = 1 — cos. 2 4. 
Again, 


CE? 

Again, fin, = 3:6 - 8.2.6) fine, 
TD, oy x(t; 3 - h 
fo that ligt, , & — Fob — 
RF 94 i e=3 DEM 


* 30, that is, in. 4 g= fin, 4.— in. 34 
1 DA nei gt * zd aer 
ues of le Powe 
e e e i 
fin. 1 
MII” Eau 2a evi * | 
e 6h. ih An fn M Xt 203 => 
6 &h0444, = 249.2 4 $198.48 502: 4 F 
3 TAPAS IAC Ad + 
* 40 N > ons = Lag 3 ＋ 


In the ſame manner, it is found * 
A HIV. 


Ss 9 +309) „ A d 8 Nr 
„e — * 202 


11 cos. 2 LA. 
X e tm Pall, 3 AD 


8 cos. 4a = 3 + 4 cos. 2 4 + 008.40 ** 


16 e = 10 cos. d eh 
O17] if ; 
4 2 J 234 Af, Z 1 — 


2105 bis 


of en arch, whereof it inaumultigle.. Thos, 
* e e 4 * Hy 


iS — 2 at 28 


0 


#66. « d ſin. ö, and of 4 = 6, ig, 20 
i x: 5. 4 
. = 2 fin. a & cos. 4. 2 
| | - Alſo, fin. > 24. +. Err « cos. 4 
T e. 2 ſin. . Now, fin. 24 
2 fin. 4 N Cos. 4, and cos. 24 = 2 cos. 
— 1, Wherefore, ſin. 33 S 2 ſin. 4 X 
cos. "a + fin. 4 (2 605. — 1) = 2 fin. 4 
(r = in. *a) + ſin. a (2 — 2 fin. a*—1) 
= 2 fin. „ = 2 ſin. 'a + 2 fin. a — 


4 
2 fin's — fin. a = = 3 fin. a—4 fin. a. 


: . wy." 25 <# — 


Weed. .-* 5 Thus were i formed the following 
, 4 a = 1 | 
* a preach fim. 27 = 2 ſin. a Wenns wg, 
| a ae. i. 35 3 f a fn. 
; deen e 
: ä WIE n e 
* oY „ cos. & = cos. Wn 
% *"©08.- a 85 
= 80% 3e F 4 de 3 c. % 
' | Wop SI 775 
* N * . From one of theſe a may = 
_ derived the ſolution of thoſe cubic equations. 
which 


* 


( 49 ) 


As we have cos. 34 = 4 cos. 4 — 3 cos. a, 
if we put cos. a = x, we as 4* — 3* — 
08. 34 o, or x" — Ix — + cos. Ja =0; 
where, if za be a given arch, x is the co- 
fine of the 3d part of that arch, and is 


found by the triſection of it. To render 


this equation more general, let the root, or 
x, be multiplied by m, a determinate but 
. 9 ky, then x — 4 mix — 


8 cos. 2 * = o, and che roots of this equa- 
tion are ſtill found by triſecting the arch 
3a, and multiplying the coſine of a by m. 
Now, let « — qx — 7 = ©, repreſent 
any cubic equation ; 3 then, if we ſuppoſe 


= A = 20 
qg=3m\,and r = cos. 3a, m V; 


and cos. 34 = 85 2 85 An arch, there- 
fore, muſt be . of which the coſine 


is 25 and the coſine of che third part of 


this arch, when multiplied by my or by 


* 1 the root required, The cubic equa- | 


* 


Rr tions 


which cannot be reſolved by Candav's role. 


650) 
tlons that can be reſolved in this Wiesner 


are thoſe, in which = being leſs than 1, 


can repreſent the coſine of an arch, and are 
exactly the ſame that fall under the irredu-- 


cible caſe of Cardan + 8 uke. 


